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CHAPTER 2

CANONICAL PROBLEMS AND
APPLICATIONS

The vast array of sequential decision problems has produced at least 15 distinct communities
(which we listed in section 1.2) that have developed methods for modeling and solving these
problems. Just as written and spoken languages have evolved from different roots, these
communities feature roughly eight fundamentally different notational systems, in addition
to what could be called dialects, with notation derived from one of the core systems.

Hidden in these different notational “languages” are methods that are sometimes truly
original, while others are creative evolutions, and yet others are simply the same method
with a different name. Motivating the different methods are the classes of problems that
have caught the imagination of each community. Not surprisingly, individual research
communities steadily move into new problems, which then motivate new methods.

This chapter provides, in section 2.1, an overview of these different communities and
their modeling style. This chapter provides very brief introductions to the most important
canonical models of each community, in the notation of that community. In some cases we
pause to hint at how we would take a different perspective. Then, section 2.2 summarizes
the universal modeling framework that we will use in this book, which can be used to model
each of the canonical problems in section 2.1. Then, section 2.3 provides a short summary
of different application settings.

2.1 CANONICAL PROBLEMS
Each community in stochastic optimization has a canonical modeling framework that they
use to illustrate their problem domain. Often, these canonical problems lend themselves
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32 CANONICAL PROBLEMS AND APPLICATIONS

to an elegant solution technique which then becomes a hammer looking for a nail. While
these tools are typically limited to a specific problem class, they often illustrate important
ideas that become the foundation of powerful approximation methods. For this reason,
understanding these canonical problems helps to provide a foundation the full range of
sequential decision problems under uncertainty.

For a reader new to all of these fields, these canonical problems can just be skimmed the
first time through the book. It is important to realize that every one of these fields studies
a form of sequential decision problem which can be modeled with the universal modeling
framework that we first introduced in section 1.3, and then present in section 2.2 in more
detail.

2.1.1 Stochastic search - derivative-based and derivative-free

As we are going to learn, if there is a single problem that serves as an umbrella for almost
all stochastic optimization problems (at least, all the ones that use an expectation), it is a
problem that is often referred to as stochastic search, which is written

max EF(z, W), 2.1)

where z is a deterministic variable, or a vector (or, as we will show, a function). The
expectation is over the random variable W, which can be a vector, as well as a sequence of
random variables W7, ..., Wy, ... Wy that evolve over time. We are going to refer to the
notational style used in the expectation, where we do not indicate what we are taking the
expectation over, in equation (2.1) as the compact form of the expectation.

We prefer the style where we make the dependence on the random variable explicit by
writing

max Ey F'(z, W). 2.2)

We refer to the style used in equation (2.2), where we indicate what random variable we are
taking the expectation over, as the expanded form of the expectation. While probabilists
frown on this habit, any notation that improves clarity should be encouraged. We are also
going to introduce problems where it is useful to express the dependence on an initial state
variable S°, which might include probabilistic beliefs about uncertain parameters such as
how the market might respond to a change in price. We express this dependence by writing

max E{F(z, W)[S°} = maxEgoEys0F (z, W). (2.3)

Initial state variables can express the dependence of the problem on either deterministic or
probabilistic information (say, a distribution about an unknown parameter). For example,
we might assume that W is normally distributed with mean p, where p is also uncertain
(it might be uniformly distributed between 0 and 10). In this case, the first expectation in
(2.3), Ego, is over the uniform distribution for y, while the second expectation, IEW| g0, 18
over the normal distribution for W given a value for the mean ;.. We see that the form in
equation (2.3) does a better job of communicating the uncertainties involved.

There are problems where the initial state S° may change each time we solve a problem.
For example, S° might capture the medical history of a patient, after which we have to
decide on a course of treatment, and then we observe medical outcomes. We will sometimes
use the style in (2.1) for compactness, but we are going to use the expanded form in (2.3)
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as our default style (the motivation for this becomes more apparent when you start working
on real applications).
This basic problem class comes in a number of flavors, depending on the following:

o Initial state S” - The initial state will include any deterministic parameters, as well as
initial distributions of uncertain parameters. S” might be a fixed set of deterministic
parameters (such as the temperature at which water boils), or it might change each
time we solve our problem (it might include temperature and humidity in a lab), and
it might include a probability distribution describing an unknown parameter (such as
how a market responds to price).

e Decision = - x can be binary, discrete (and finite, and not too large), categorical
(finite, but a potentially very large number of choices), continuous (scalar or vector),
or a discrete vector.

e Random information W - The distribution of W may be known or unknown, and the
distribution can take on a variety of distributions ranging from nice distributions such
as the normal or exponential, or one with heavy tails, spikes, and rare events. W
may be a single variable or vector that is realized all at once, or it can be a sequence
of variables (or vectors) Wy, ... , Wy, ..., Wrp.

e The function F'(x, W) may be characterized along several dimensions:

— The cost of a function evaluation - The function F'(x, W) may be easy to
evaluate (fractions of a second to seconds), or more expensive (minutes to
hours to days to weeks).

— Search budget - May be finite (for example, we are limited to N evaluations
of the function or its gradient), or infinite (obviously this is purely for analysis
purposes - real budgets are always finite). There are even problems where a
rule determines when we stop, which may be exogenous or dependent on what
we have learned (these are called anytime problems).

— The noise level (and the nature of the noise) - There are applications where the
noise in a function evaluation is minimal (or nonexistent), and others where the
noise level is exceptionally high.

Problem (2.1) is the asymptotic form of the basic stochastic optimization problem where
we seek an optimal solution z* that is deterministic (there is exactly one of them). Most of
this book will focus on the more practical finite budget versions where we run an algorithm
(that we call 7 for reasons that become clear later), for N iterations, to produce a solution
2™ which is a random variable, since it depends on the observations of 1V along the way.

There are two flavors of this problem:

e Final reward objective - Here we run our algorithm 7 for IV iterations, producing
a solution 2™~ . We care only about the performance of the final solution, and not
how well we do while we are performing the search. After we find ™%, we then
have to evaluate it, and we introduce a random variable W that is used for testing (as
opposed to training). The final reward objective function is written (in its expanded
form) as

max Ego By, w50 By go_pron F(@™, w). (2.4)
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e Cumulative reward objective - In this setting we care about the total rewards while
we are performing our search, which produces the objective function

N—-1
maxEgoBy1,_wwyso » F(XT(S™), W) (2.5)

n=0

The general problem of stochastic search has been pursued as two distinct fields that
depend on the algorithmic strategy. These are known as derivative-based stochastic search,
and derivative-free stochastic search. Both fields trace their roots to 1951, but have evolved
independently as completely independent lines of investigation.

2.1.1.1 Derivative-based stochastic search We accept the practical reality that
we cannot take the derivative of an expectation, which prevents us from taking the derivative
of F(x) = EF(x,W). However, there are many problems where we observe W, and then
take the derivative of F'(x, W), which we write as the stochastic gradient

V. F(x,W(w)).
The most common way to illustrate a stochastic gradient uses the newsvendor problem
F(z,W) = pmin{z, W} — cz.

The stochastic gradient is easily verified to be

V. F(z,W) = { poeme

As we can see, we can compute the gradient of F'(x, W) after we observe 1. We then use
this gradient in a stochastic gradient algorithm

et =" 4V F (", W), (2.6)

where «,, is known as a stepsize. A famous paper by Robbins and Monro published in
1951 proved that the stochastic gradient algorithm (2.6) converges asymptotically to the
optimum of the objective function (2.4). This is stated formally

lim 2" = 2" = argmaxEF(x, W).
n— oo x
70 years later, this algorithm continues to attract considerable interest. We cover this

important class in chapter 5, with an entire chapter, chapter 6, dedicated to the design of
stepsize formulas for a,.

2.1.1.2 Derivative-free stochastic search While there are many problems where
we can compute the stochastic gradient V, F'(x, W), there are far more problems where we
cannot. Instead, we assume that all we can do is make random observations of the function
F(xz, W) which we write as

Fn+1 — F(l‘", W7"+1),
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Figure 2.1 Decision tree illustrating the sequence of decisions (hold or sell an asset) and new
information (price changes).

where the indexing communicates that we choose =" first, then observe Wntl after which
we can compute the sampled observation of the function Fotl = F(a™, Wn*1), We then
use the sampled observation Ft! to update an estimate F"(x) of EF (x, W) to obtain
Frtl(g).

Derivative-free stochastic search involves two core components:

e Creating the belief F™(z). We do this with any of a range of machine learning tools
that we review in chapter 3.

e Choosing the point to observe x™. This is generally referred to as the algorithm, but
in this book we will refer to it as a policy. This problem is addressed in considerable
depth in chapter 7.

Derivative-free stochastic search is such a rich problem class that there are entire fields
that pursue particular algorithmic strategies without acknowledging competing approaches.

2.1.2 Decision trees

Decision trees are easily one of the most familiar ways to depict sequential decision prob-
lems, with or without uncertainty. Figure 2.1 illustrates a simple problem of determining
whether to hold or sell an asset. If we decide to hold, we observe changes in the price of
the asset and then get to make the decision of holding or selling.

Figure 2.1 illustrates the basic elements of a decision tree. Square nodes represent
points where decisions are made, while circles represent points where random information
is revealed. We solve the decision tree by rolling backward, calculating the value of being
at each node. At an outcome node, we average across all the downstream nodes (since
we do not control which node we transition to), while at decision nodes, we pick the best
decision based on the one-period reward plus the downstream value.
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Almost any dynamic program with discrete states and actions can be modeled as a
decision tree. The problem is that decision trees grow explosively, even for relatively small
problems. Imagine a setting where there are three decisions (buy, sell, hold an asset), and
three random outcomes (say the price changes by +1, -1 or 0). Each sequence of price
change followed by decision grows the tree by a factor of 9. Now imagine a trading problem
where we get to make decisions once each minute. After just one hour, our tree has grown
to 990 a2 1057 branches!

2.1.3 Markov decision processes

A Markov decision process is typically modeling using a very standard framework which is
outlined in figure 2.2. Note that this is modeled without indexing time, since the standard

State space - S = {s1,...,5|s|} is the set of (discrete states) the system may occupy.
Action space - A; = {ay,...ap }is the set of actions we can take when we are in state s.

Transition matrix - We assume we are given the one-step state transition matrix with
element

P(s'|s,a) = the probability that state Sy 1 = s’ given that we are in state S; = s
and take action a.

Reward function - Let r(s, a) be the reward we receive when we take action a when we
are in state s.

Figure 2.2 Canonical model for a Markov decision process

canonical model is for a problem in steady state. Some authors also include a set of
“decision epochs” which are the points in time, typically modeled as ¢ = 1,2,..., when
we compute our state variable and choose an action.

For example, if we have s € S units of inventory, purchase a € A more units, and then
sell a random quantity D, our updated inventory is computed using

s = max{0,s+a — D}.
Our one-step transition matrix would be computed from
P(s'|s,a) = Prob|D = max{0, (s + a) — s'}].
Our reward function might be
r(s,a) = pmin{s + a, D} — ca,

where c is the unit cost of purchasing an item of inventory and p is our sales price for
meeting as much demand as we can.

If we are solving a finite horizon problem, let V;(.S;) be the optimal value of being in
state Sy and behaving optimally from time ¢ onward. If we are given V;;1(S¢+1), we can
compute V;(S;) using

Vi(S;) = max (r(St, a)+7 Y P(s|Sta) Vi1 (Sipr = s’)> . 2.7

a€EA,
s'eS
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where -y is a discount factor (presumably to capture the time value of money). Note that to
compute V;(S;), we have to loop over every possible value of S; € S and then solve the
maximization problem.

Equation (2.7) may seem somewhat obvious, but when first introduced it was actu-
ally quite a breakthrough, and is known as Bellman’s optimality equation in operations
research and computer science, or Hamilton-Jacobi equations in control theory (although
this community typically writes it for continuous states and actions/controls).

Equation (2.7) is the foundation for a major class of policies that we refer to as policies
based on value function approximations (or VFA policies). Specifically, if we know
Vi4+1(St+1), then we would make a decision at time ¢ when we are in state S; by solving

X7 (St) = arg,?éié (r(St,a) + 7£P(8’|5t,a)Vt+1(StH = 5’))_

If we can compute the value functions exactly using equation (2.7), then this is a rare
instance of an optimal policy.

If the one-step transition matrix P(s’|S¢, a) can be computed (and stored), then equation
(2.7) is quite easy to compute starting at time 7" (when we assume Vi (St) is given, where
it is fairly common to use Vi (S7) = 0) and progressing backward in time.

There has been considerable interest in this community on steady state problems, where
we assume that as t — oo, that V;(S;) — V(.9). In this case, (2.7) becomes

V(s) = max (r(s,a) + Z P(s’|s,a)V(s’)> ) (2.8)

€A,
“ s'eS

Now we have a system of equations that we have to solve to find V'(s). We review these
methods in considerable depth in chapter 14.

Bellman’s equation was viewed as a major computational breakthrough when it was first
introduced, because it avoids the explosion of decision trees. However, people (including
Bellman) quickly realized that there was a problem when the state s is a vector (even if
it is still discrete). The size of the state space grows exponentially with the number of
dimensions, typically limiting this method to problems where the state variable has at most
three or four dimensions. This is widely known as the “curse of dimensionality.”

Bellman’s equation actually suffers from three curses of dimensionality. In addition to
the state variable, the random information W (buried in the one-step transition P(s’|s, a))
might also be a vector. Finally, the action a might be a vector x. It is common for people
to dismiss “dynamic programming” (but they mean discrete Markov decision processes)
because of “the curse of dimensionality” (they could say because of the “curse (or curses)
of dimensionality”), but the real issue is the use of lookup tables. There are strategies for
overcoming the curses of dimensionality, but if it were easy, this would be a much shorter
book.

2.1.4 Optimal control

The optimal control community is most familiar with the deterministic form of a control
problem, which is typically written in terms of the “system model” (transition function)

Ti41 = f(xtaut)v

where x; is the state variable and u, is the control (or action, or decision). A typical
engineering control problem might involve controlling a rocket (think of getting SpaceX to
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land after its takeoff), where the state x; is the location and velocity of the rocket (each in
three dimensions), while the control u; would be the forces in all three dimensions on the
rocket. How the forces affect the location and speed of the rocket (that is, its state x) is all
contained in the transition function f (¢, ug).

The transition function f(x¢,u;) is a particularly powerful piece of notation that we
will use throughout the book (we write the transition as Sy 11 = SM(S;, 2y, Wiy1)). It
captures the effect of a decision x; (such as move to a location, add inventory, use a medical
treatment, or apply force to a vehicle) on the state x;. Note that the canonical MDP
framework described in figure 2.2 uses a one-step transition matrix P(S;y1|St, at); we
show in chapter 9 that the one-step transition matrix has to be computed using the transition
function. In practice, one-step transition matrices are rarely computable, while transition
functions are easy to compute.

The problem is to find u; that solves

mln Z L(xz¢,ue) + Jr(xr), 2.9)

Uuo;--
=0

where L(x,u) is a “loss function” and Jr(x7) is a terminal cost. Equation (2.9) can be
stated recursively using

Jt(xt) = HQILE%X (L(l’t, Ut) —+ Jt+1(l't+1)) (210)

where z;11 = f(x,u;). Here, Ji(z;) is known as the “cost-to-go” function, which is
simply different notation for the value function V;(.S;) in section 2.1.3.

A solution strategy which is so standard that it is often stated as part of the model is
to view the transition x¢41 = f(x, us) as a constraint that can be relaxed, producing the
objective

mm Z (zg,up) + Me(Tpp1 — f(:chut))) + Jr(xr), (2.11)

suT

where )\ is a set of Lagrange multipliers known as “co-state variables.” The function

MH

H(zo,u L(zg,ug) + Ae(zi41 — [ (e, we))) + Jr(zr)

t:O

is known as the Hamiltonian.
A common form for the objective in (2.9) is an objective function that is quadratic in
the state x; and control uy, given by

T
min Z mt tht—f—(ut) Rtut) (2.12)

Ug,---,uT

Although it takes quite a bit of algebra, it is possible to show that the optimal solution to
(2.16) can be written in the form of a function U™ () which has the form

U*(It) = —Ktxt, (213)

where K is a suitably dimensioned matrix that depends on the matrices (Qy, Ry ), t" < t.
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A limitation of this theory is that it is easy to break. For example, simply adding a
nonnegativity constraint u; > 0 invalidates this result. The same is true if we make any
changes to the objective function, and there are a /ot of problems where the objective is not
quadratic in the state variables and decision variables.

There are many problems where we need to model uncertainty in how our process
evolves over time. The most common way to introduce uncertainty is through the transition
function, which is typically written as

Tt41 = f(iﬁn Ut,wt) (2.14)

where w; is random at time ¢ (this is standard notation in the optimal control literature,
where it is common to model problems in continuous time). w; might represent random
demands in an inventory system, the random cost when traversing from one location to
another, or the noise when measuring the presence of disease in a population. Often, w; is
modeled as additive noise which would be written

T =[x, ug) + wy, (2.15)

where w; might be thought of as the wind pushing our rocket off course.
When we introduce noise, it is common to write the optimization problem as

T
uoI?i.BLT E tz; ((.Z‘t)TQtﬂft + (ut)TRtut). (216)
The problem with this formulation is that we have to recognize that the control u; at time ¢
is a random variable that depends on the state x;, which in turn depends on the noise terms
Woy ooy W—1-

To convert our original deterministic control problem to a stochastic control problem,
we just have to follow the guidance we provided in section 1.6.3. We begin by introducing
a control law (in the language of optimal control) that we represent by U™ (x;) (we refer to
this as a policy). Now our problem is to find the best policy (“‘control law”) that solves

T
II;iDEwO,...7wT Z ((xt)Ttht + (Uf(wt))TRtUZ“(xt)), (2.17)

t=0

where z; evolves according to (2.14), and where we have to be given a model to describe
the random variables w;. A significant part of this book is focused on describing methods
for finding good policies. We revisit optimal control problems in section 14.11.

The language of optimal control is widely used in engineering (mostly for deterministic
problems) as well as finance, but is otherwise limited to these communities. However,
it is the notation of optimal control that will form the foundation of our own modeling
framework.

2.1.5 Approximate dynamic programming

The core idea of approximate dynamic programming is to use machine learning methods
to replace the value function V;(S;) (see equation (2.7)) with an approximation V; (.Sy|6)
(assume this is after n iterations). We can use any of a variety of approximation strategies
that we cover in chapter 3. Let a; be our decision at time ¢ (such as how much inventory
to order or what drug to prescribe). Let ™ be our estimate of § after n updates. Assuming
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we are in a state S7" (this might be our inventory at time ¢ during iteration n), we could use
this approximation to create a sampled observation of the value of being in state .S}* using

0 = max (C(SY',a0) + B, AVesa (SE 0" )ISTD), 2.18)

where S7', | = SM(S7, ay, Wy41), and where 0" 1 is our estimate of § after n—1 iterations.
We can then use 0] to update our estimate 0" to obtain #;'"*. How this is done depends
on how we are approximating V?(St |0) (a variety of methods are described in chapter 3).
There are, in addition, other ways to obtain the sampled observation 9> which we review
in chapter 16.
Given a value function approximation V¢ 1 ( a1 |6"~1), we have a method for making
decisions (that is, a policy) using

AT(S7) = argmax (C(S7, ar) + Bw, o {Vern (5741167 1S7D),

where “arg max, returns the value of a that maximizes the expression. This is what we
will be calling a “VFA-based policy.”

The idea of using approximate value functions started with Bellman in 1959, but was then
independently re-invented in the optimal control community (which used neural networks
to approximate continuous value functions) in the 1970s, and computer science, where it
became known as reinforcement learning, in the 1980s and 1990s. These methods are
covered in considerably more depth in chapters 16 and 17. It has also been adapted to
stochastic resource allocation problems where methods have been developed that exploit
concavity (when maximizing) of the value function (see chapter 18).

2.1.6 Reinforcement learning

While the controls community was developing methods for approximating value functions
using neural networks, two computer scientists, Andy Barto and his student Richard Sutton,
were trying to model animal behavior, as with mice trying to find their way through a maze
to areward (see figure 2.3). Successes were learned over time by capturing the probability
that a path from a particular point in the maze eventually leads to a success.

A= '
U —_T1_

Figure 2.3 Finding a path through a maze.
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The basic idea closely parallels the methods of approximate dynamic programming, but
it evolved on its own, with its own style. Instead of learning the value V() of being in a
state s, the core algorithmic strategy of reinforcement learning involves learning the value
Q(s, a) of being in a state s and then taking an action a. The basic algorithm, known as
Q@-learning, proceeds by computing

q"(s",a") = r(s",a")—|—Am2}x@”*1(s/,a’), (2.19)
Q'(s",a") = (1—an_1)Q" '(s",a") + an_1"(s",a"). (2.20)

Here, A is a discount factor, but it is different than the discount factor ~ that we use
elsewhere (occasionally) when solving dynamic problems (see, for example, equation
(2.7)). The parameter )\ is what could be called an “algorithmic discount factor” since
it helps to “discount” the effect of making mistakes in the future that have the effect of
reducing (incorrectly) the value of being in state s™ and taking action a™.

The updating equation (2.21) is sometimes written

Qn(sn,an) — Qn—l(sn’an) 4 an_l(qn(sn,an) _ Qn—l(sn)an))
_ Qn—l(sn7an) + oy (T(Sn,7an) + )\mz}XQn_l(s/,a/) o Qn—l(sn7an)) .

5
2.21)

where
§ = r(s"a") +Amax Q"' (s',a’) — Q" (s, a")

is known as a “temporal difference” because it is capturing the difference between the cur-
rent estimate Q™! (s™, a™) and the updated estimate (r(s™, a™) + Amaxy Q" (s, a’) —
Q" 1(s™,a™)) from one iteration to the next. Equation (2.21) is known as temporal differ-
ence learning which is performed with a fixed policy for choosing states and actions. The
algorithm is referred to as “TD(\)” (reflecting the role of the algorithmic discount factor
A) and the method is called “TD learning.” In chapters 16 and 17 this will be known as
approximate value iteration.

To compute (2.19), we assume we are given a state s™, such as the location of the mouse
in the maze in figure 2.3. We use some method (“policy”) to choose an action a”, which
produces a reward r(s",a™). Next, we choose a downstream state that might result from
being in a state s™ and taking action a”. There are two ways we can do this:

1) Model-free learning - We assume that we have a physical system we can observe, such
as a doctor making medical decisions or people choosing products off the internet.

2) Model-based learning - Here we assume that we sample the downstream state from
the one-step transition matrix p(s’|s,a). In practice, what we are really doing is
simulating the transition function from s’ = S™ (5", a™, W"*1) where the function
SM (.) (using our notation) is the same as equation (2.14) from optimal control, and
W+ is a random variable that we have to sample from some (known) distribution.

Computer scientists often work on problems where a system is being observed, which
means they do not use an explicit model of the transition function.
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Once we have our simulated downstream state s’, we then find what appears to be the
best action a’ based on our current estimates Q" (s’, a’) (known as ”Q-factors”). Finally,
we then update the estimates of the value of being in states s™ and action a™. When this
logic is applied to our maze in figure 2.3, the algorithm steadily learns the state/action pairs
with the highest probability of finding the exit, but it does require sampling all states and
actions often enough.

There are many variations of ()-learning that reflect different rules for choosing the
state s, choosing the action a™, what is done with the updated estimate ¢"(s",a™), and
how the estimates Q"(s, a) are calculated. For example, equations (2.19) - (2.21) reflect
a lookup table representation, but there is considerable ongoing research where Q(s, a) is
approximated with a deep neural network.

As readers of this book will see, approximating value functions is not an algorithmic
panacea. As the RL community expanded to a broader range of problems, researchers
started introducing different algorithmic strategies, which will emerge in this book as sam-
ples from each of four classes of policies (policies based on value function approximations
is just one). Today, “reinforcement learning” applies more to a community working on
sequential decision problems using a wide range of strategies, which is how it made its way
into the title of this book.

There are many people today who equate “reinforcement learning” with @-learning,
which is an algorithm, not a problem. Yet, today, leaders of the field will describe
reinforcement learning as

a) A problem class consisting of an agent acting on an environment receiving a reward.
b) A community that identifies its work as “reinforcement learning.”

¢) The set of methods developed by the community using the methods it self-identifies
as \reinforcement learning" applied to the problem class.

Stated more compactly, this characterization consists of a community that self-describes
its work as “reinforcement learning” consisting of any method that solves the problem
class of an “agent acting on an environment receiving a reward.” In effect, “reinforcement
learning” is now being described as a problem class rather than a method, because there is
a lot of work under the umbrella of “reinforcement learning” that does not use ()-learning
(or any method for approximating value functions). The question of whether reinforcement
learning is a problem or a method remains a major area of confusion at the time of the
writing of this book.

We would make the argument that a more general characterization of this problem class
would be a sequential decision problem, which includes any problem consisting of an agent
acting on an environment, but would also include problems where an agent simply observes
an environment (this is an important problem class in the RL community). In addition,
rather than focusing just on VFA-based policies (such as Q-learning), we are generalizing
to all four classes of policies. We note that the RL community is already working on
algorithms that fall in all four classes of policies, so we would claim that our universal
model characterizes not only everything the RL community is working on today, but the
entire problem class and methods that the RL. community is likely to evolve into.

2.1.7 Optimal stopping

A classical problem in stochastic optimization is known as the optimal stopping problem.
Imagine that we have a stochastic process W; (this might be prices of an asset) which
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determines a reward f(W;) if we stop at time ¢ (the price we receive if we stop and sell
the asset). Let w € () be a sample path of W1,..., Wy, where we are going to limit
our discussion to finite horizon problems, which might represent a maturation date on a
financial option. Let

. 1 if we stop at time ¢,
Xi(w) = { 0 otherwise.

Let 7 be the time £ when X; = 1 (we assume that X; = 0 for £ > 7). This notation creates
a problem, because w specifies the entire sample path, which seems to suggest that we are
allowed to look into the future before making our decision at time ¢. Don’t laugh - this
mistake is easy to make when backtesting policies using historical data. Furthermore, it is
actually a fairly standard approximation in the field of stochastic programming which we
revisit in chapter 19 (in particular, see two-stage stochastic programming in section 19.9).

To fix this, we require that the function X; be constructed so that it depends only on the
history W7y, ..., W;. When this is the case 7 is called a stopping time. The optimization
problem can then be stated as

maxEX, f(W,), (2.22)

where we require 7 to be a “stopping time.” Mathematicians will often express this by
requiring that 7 (or equivalently, X;) be an “F;-measurable function” which is just another
way of saying that 7 is not computed with information from points in time later than 7.

This language is familiar to students with training in measure-theoretic probability,
which is not necessary for developing models and algorithms for stochastic optimization.
Later, we are going to provide an easy introduction to these concepts in chapter 9, section
9.13, and then explain why we do not need to use this vocabulary.

More practically, the way we are going to solve the stopping problem in (2.22) is that
we are going to create a function X ™(.S;) that depends on the state of the system at time
t. For example, imagine that we need a policy for selling an asset. Let R, = 1 if we are
holding the asset, and O otherwise. Assume that pq,po, ..., p; is the history of the price
process, where we receive p; if we sell at time ¢. Further assume that we create a smoothed
process p; using

pe = (1 —a)pi—1 + ap;.

At time ¢, our state variable is Sy = (Ry, pt, pt)- A sell policy might look like

n _ 1 i > 0™ orpe < 07,
XT(5:|0) = { 0 otherwise.

Finding the best policy means finding the best § = (§™", ™) by solving

T
max > e XT(Si6). (2.23)

t=0

Our stopping time, then, is the earliest time 7 = ¢ where X™(5;]0) = 1.
Optimal stopping problems arise in a variety of settings. Some examples include:

American options - An American option gives you the right to sell the asset on or
before a specified date. We provide an illustration of using approximate dynamic
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programming for American options in section 17.6.1. This strategy can be applied
to any stopping problem.

European options - A European option on a financial asset gives you the right to sell the
asset at a specified date in the future.

Machine replacement - While monitoring the status of a (typically complex) piece of
machinery, we need to create a policy that tells us when to stop and repair or replace.

Homeland security - The National Security Administration collects information on many
people. The NSA needs to determine when to start tracking someone, when to stop
(if they feel the target is of no risk) or when to act (when they feel the target is of
high risk).

Clinical trials - A drug company running a clinical trial for a drug has to know when to
stop the trial and declare success or failure. For a more complete model of clinical
trials, see http://tinyurl.com/sdaexamplesprint, chapter 14.

Optimal stopping may look like a disarmingly easy problem, given the simplicity of the
state variable. However, in real applications there is almost always additional information
that needs to be considered. For example, our asset selling problem may depend on a basket
of indices or securities that greatly expands the dimensionality of the state variable. The
machine replacement problem might involve a number of measurements that are combined
to make a decision. The homeland security application could easily involve a number of
factors (places the person has visited, the nature of communications, and recent purchases).
Finally, health decisions invariably depend on a number of factors that are unique to each
patient.

2.1.8 Stochastic programming

Imagine that we are an online retailer that has to allocate inventory to different fulfillment
centers, after which it has to actually fill demands from the fulfillment centers that have
inventory. Call the initial decision to allocate inventory x (this is the “here and now”
decision). Then we see the demand for the product Dy and the prices p; that the retailer
will be paid.

Let Wy = (Di,p;1) represent this random information, and let w refer to a sample
realization of W7, so that W1 (w) = (D1 (w), p1(w)) is one possible realization of demands
and prices. We make the decision x; after we see this information, so we have a decision
x1(w) of shipping decisions for each possible realization w of demands. The stochastic
programming community usually refers to each outcome w as a scenario.

Assume for the moment that ) = (wy,ws,...,wk) is a (not too large) set of possible
outcomes (“scenarios”) for the demand D1 (w) and price p; (w). Our second stage decisions
x1(w) are constrained by the initial inventory decisions we made in the first stage . These
two constraints are written as

A2 (w)
Bz (w)

£,
Dl (w)

[VANVAN
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Let X (w) be the feasible region for x1 (w) defined by these constraints. This allows us to
write our problem over both stages as

max (coxo + Z pw) max (p1(w)— cl)xl(w)> . (2.24)

e z1(w)EX (w)

In the language of stochastic programming, the second stage decision variables, 1 (w), are
called “recourse variables” since they represent how we may respond as new information
becomes available (which is the definition of “recourse”). Two-stage stochastic programs
are basically deterministic optimization problems, but they can be very large deterministic
optimization problems, albeit ones with special structure.

For example, imagine that we allow the first stage decision xg to “see” the information
in the second stage, in which case we would write it as zo(w). In this case, we obtain a
series of smaller problems, one for each w. However, now we are allowing z( to cheat by
seeing into the future. We can overcome this by introducing a nonanticipativity constraint
which might be written

P(w) —2° =0. (2.25)

Now, we have a family of first stage variables xo(w), one for each w, and then a single
variable z;9, where we are trying to force each xy(w) to be the same (at which point we would
say that x( is “nonanticipative”). Algorithmic specialists can exploit the nonanticipacity
constraint (2.25) by relaxing it, then solving a series of smaller problems (perhaps in
parallel), and then introducing linking mechanisms so that the overall procedure converges
toward a solution that satisfies the nonanticipativity constraint.

We would call the optimization problem in (2.24) (along with the associated constraints
for time periods 0 and 1) a stochastic optimization problem. In practice, these applications
tend to arise in the context of sequential decision problems, where we would be looking for
the best decision x; at time ¢ that considers the uncertain future (call this ¢ + 1, although it
can be multiple time periods ¢t + 1,...,¢ + H), giving us a policy

max
Tiq1 (W) EX 41 (w)

X[ (Sy) = arg max <—ctxt + Z Pry1(w)

TEX weQ

((pt+1(W) — Ct+1)l’z+1(w))> .
(2.26)

The optimization problems in (2.24) and (2.26) are the same, but the goal in solving (2.26)
is just to find a decision x; to implement, after which we roll forward to time ¢ + 1, update
the uncertain future ¢ 4+ 2, and repeat the process. The decisions 21 (w) for each of
the scenarios w are never actually implemented; we plan them only to help us improve the
decision z; that we are going to implement now. This is a policy for solving an optimization
problem which is typically not modeled explicitly. We show how the objective function
should be modeled in section 2.2 below.

2.1.9 The multiarmed bandit problem

The classic information acquisition problem is known as the multiarmed bandit problem
which is a colorful name for our cumulative reward problem introduced in section 2.1.1.
This problem has received considerable attention since it was first introduced in the 1950’s;
the term appears in thousands of papers (per year!).

The bandit story proceeds as follows. Consider the situation faced by a gambler trying
to choose which slot machine x € X = {1,2,..., M} to play. Now assume that the
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winnings may be different for each machine, but the gambler does not know the winning
probabilities. The only way to obtain information is to actually play a slot machine. To
formulate this problem, let

" 1 the machine we choose to play next after finishing the n'” trial,
x =
0 otherwise,
W = winnings from playing slot machine = = z"~! during the n'" trial.

We choose what arm to play in the n'” trial after finishing the n — 15 trial. We let S™ be
the belief state after playing n machines. For example, let

L, = arandom variable giving the true expected winnings from machine z,
iz
02™ = the variance of our belief about 1, after n trials.

our estimate of the expected value of 1, after n trials,

Now assume that our belief about £ is normally distributed (after n trials) with mean f
and variance 02", We can write our belief state as

S" = (fig, 05" )wex-

Our challenge is to find a policy X™(S™) that determines which machine z" to play for
the n + 1°¢ trial. We have to find a policy that allows us to better learn the true mean
values 1,;, which means we are going to have to sometimes play a machine =™ where the
estimated reward fi7} is not the highest, but where we acknowledge that this estimate may
not be accurate. However, we may end up playing a machine whose average reward /i,
actually is lower than the best, which means we are likely to incur lower winnings. The
problem is to find the policy that maximizes winnings over time.

One way to state this problem is to maximize expected discounted winnings over an
infinite horizon

oo
max E E WL
T n=0

where 2" = X™(S™) and where 7 < 1 is a discount factor. Of course, we could also pose
this as a finite horizon problem (with or without discounting).

An example of a policy that does quite well is known as the interval estimation policy,
given by

XIE,n neIE _ -n 01E—2,n
(5710) = arg max (p; +6'"52") |

where 52" is our estimate of the variance of 1", given by

2,n
2.n Oz

o

Our policy is parameterized by 6% which determines how much weight to put on the
uncertainty in the estimate i”. If §/¥ = 0, then we have a pure exploitation policy where
we are simply choosing the alternative that seems best. As 6% increases, we put more
emphasis on the uncertainty in the estimate. As we are going to see in chapter 7, effective



CANONICAL PROBLEMS 47

learning policies have to strike a balance between exploring (trying alternatives which are
uncertain) and exploiting (doing what appears to be best).

The multiarmed bandit problem is an example of an online learning problem (that is,
where we have to learn by doing), where we want to maximize the cumulative rewards.
Some examples of these problems are:

B EXAMPLE 2.1

Consider someone who has just moved to a new city and who now has to find the
best path to work. Let 7}, be a random variable giving the time he will experience
if he chooses path p from a predefined set of paths P. The only way he can obtain
observations of the travel time is to actually travel the path. Of course, he would like
to choose the path with the shortest average time, but it may be necessary to try a
longer path because it may be that he simply has a poor estimate.

B EXAMPLE 2.2

A baseball manager is trying to decide which of four players makes the best designated
hitter. The only way to estimate how well they hit is to put them in the batting order
as the designated hitter.

B EXAMPLE 2.3

A doctor is trying to determine the best blood pressure medication for a patient. Each
patient responds differently to each medication, so it is necessary to try a particular
medication for a while, and then switch if the doctor feels that better results can be
achieved with a different medication.

Multiarmed bandit problems have a long history as a niche problem in applied probability
and statistics (going back to the 1950s), computer science (starting in the mid 1980s),
and engineering and the geosciences (starting in the 1990s). The bandit community has
broadened to consider a much wider range of problems (for example, « could be continuous
and/or a vector), and a growing range of policies. We revisit this important problem class
in chapter 7 where we are going to argue that so-called “multiarmed bandit problems” are
actually just derivative-free stochastic optimization problems, which can be solved with
any of our four classes of policies. The difference between bandit problems and the early
research into derivative-free stochastic search is that the stochastic search literature did not
explicitly recognize the value of active learning: evaluating the function at x just to better
learn the approximation, enabling better decisions later.

We note that derivative-free stochastic search is classically approached using a “final
reward” objective function (see section 2.1.1), while the multiarmed bandit literature has
been centered on cumulative reward objective, but this is not universally true. There is a
version of the multiarmed bandit problem known as the “best arm” bandit problem, which
uses a final reward objective.
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2.1.10 Simulation optimization

The field known as “‘simulation optimization” evolved originally from within the simula-
tion community which developed Monte Carlo simulation models for simulating complex
systems such as manufacturing processes. Early simulation models in the 1960s were quite
slow, and they were often used to search over a series of designs, creating an interest in
performing these searches efficiently.

Searching over a finite set of alternatives using noisy evaluations is an example of ranking
and selection (a form of derivative free stochastic search), but these applications fostered
a group of researchers within the simulation community. One of the first methodologi-
cal innovations from this community was an algorithm called optimal computing budget
allocation, or OCBA.

The general idea of an OCBA algorithm proceeds by taking an initial sample N = ng
of each alternative x € X', which means we use BY = Mn experiments from our budget
B. The algorithm then uses rules for determining how to allocate its computing budget
among the different alternatives. A more detailed summary of a typical OCBA algorithm
is given in section 7.10.2.

For a number of years, OCBA was closely associated with “simulation optimization,” but
the community has continued to evolve, tackling a wider range of problems and creating
new methods to meet new challenges. Inevitably there was also some cross-over from
other communities. However, similar to other communities, the scope of activities under
the umbrella of “simulation optimization™ has continued to broaden, encompassing other
results from stochastic search (both derivative-free and derivative-based), as well as the
tools for sequential decision problems such as approximate dynamic programming and
reinforcement learning. Today, the simulation-optimization community would classify any
search method based on Monte Carlo sampling as a form of “simulation optimization.”

2.1.11 Active learning

Classical (batch) machine learning addresses the problem of fitting a model f(x|0) given a
dataset (2™, y™), n =1,..., N to minimize some error (or loss) function L(z,y). Online
learning addresses the setting of fitting the model as the data is arriving in a stream. Given
an estimate 6" based on the first n datapoints, find 71! given (z"*1, y"*1). We assume
we have no control over the inputs z".

Active learning arises when we have partial or complete control over the inputs ™. It
might be a price, size or concentration that we completely control. Or, we might have
partial control, as occurs when we choose a treatment for a patient, but cannot control the
attributes of the patient.

There are many approaches to active learning, but a popular one is to make choices where
there is the greatest uncertainty. For example, imagine that we have binary outcomes (a
customer does or does not purchase a product at a price x). Let = be the attributes of
the customer, and let p(x) be the probability that this customer will purchase the product.
We know the attributes of the customer from their login credentials. The variance of the
response is given by p"(z)(1 — p"(z)). To minimize the variance, we would want to make
an offer to a customer with attribute x that has the greatest uncertainty given by the variance
p"(z)(1 — p"™(x)). This means we would choose the x that solves

max " () (1~ 7" ().

This is a very simple example of active learning.
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The relationship between bandit problems and active learning is quite close. As of this
writing, the term “active learning” has been increasingly replacing the artificial “multiarmed
bandit problem.”

2.1.12 Chance constrained programming

There are problems where we have to satisfy a constraint that depends on uncertain infor-
mation at the time we make a decision. For example, we may wish to allocate inventory
with the goal that we cover demand 80 percent of the time. Alternatively, we may wish to
schedule a flight so that it is on time 90 percent of the time. We can state these problems
using the general form

mmin ), (2.27)

subject to the probabilistic constraint (often referred to as a chance constraint)
PC(z, W) >0] < q, (2.28)

where 0 < « < 1. The constraint (2.28) is often written in the equivalent form
PC(z,W)<0] > 1-a. (2.29)

Here, C'(xz, W) is the amount that a constraint is violated (if positive). Using our examples,
it might be the demand minus the inventory which is the lost demand if positive, or the
covered demand if negative. Or, it could be the arrival time of a plane minus the scheduled
time, where positive means a late arrival.

Chance constrained programming is a method for handling a particular class of con-
straints that involve uncertainty, typically in the setting of a static problem: make decision,
see information, stop. Chance constrained programs convert these problems into deter-
ministic, nonlinear programs, with the challenge of computing the probabilistic constraint
within the search algorithm.

2.1.13 Model predictive control

There are many settings where we need to think about what is going to happen in the
future in order to make a decision now. An example most familiar to all of us is the use of
navigation systems that plan a path to the destination using estimated travel times on each
link of the network. As we progress, these times may change and the path will be updated.

Making decisions now by optimizing (in some way) over the future is known in the
optimal control literature as model predictive control, because we are using a (typically
approximate) model of the future to make a decision now. An example of an MPC policy
is

t+H
U™(zy) = argmin (L(xt, Ug) + Mgy Z L(:vt/,ut/)>
! =t
t+H
= arg Ut7?LE+H Z L(xy,uy). (2.30)
=t
The optimization problem in (2.30) requires a model over the horizon ¢, . .., ¢ + H, which

means we need to be able to model losses as well as the system dynamics using x;+1 =



50 CANONICAL PROBLEMS AND APPLICATIONS

f (x4, uy). Aslightly more precise name for this might be “model-based predictive control,”
but “model predictive control” (or MPC, as it is often known) is the term that evolved in
the controls community.

Model predictive control is a widely used idea, often under names such as “rolling
horizon procedure” or “receding horizon procedure.” Model predictive control is most
often written using a deterministic model of the future, primarily because most control
problems are deterministic. However, the proper use of the term refers to any model of
the future (even an approximation) that is used to make a decision now. The two-stage
stochastic programming model in section 2.1.8 is a form of model predictive control which
uses a stochastic model of the future. We could even solve a full dynamic program, which
is typically done when we solve an approximate stochastic model of the future. All of these
are forms of “model predictive control.” In this book we refer to this approach as a class of
policy called “direct lookahead approximations” which we cover in chapter 19.

2.1.14 Robust optimization

The term “robust optimization” has been applied to classical stochastic optimization prob-
lems (in particular stochastic programming), but in the mid 1990s, it became associated
with problems where we need to make a decision, such as the design of a device or structure,
that works under the worst possible settings of the uncontrollable parameters. Examples
where robust optimization might arise are

B EXAMPLE 2.4

A structural engineer has to design a tall building that minimizes cost (which might
involve minimizing materials) so that it can withstand the worst storm conditions in
terms of wind speed and direction.

B EXAMPLE 2.5

An engineer designing wings for a large passenger jet wishes to minimize the weight
of the wing, but the wing still has to withstand the stresses under the worst possible
conditions.

The classical notation used in the robust optimization community is to let u be the
uncertain parameters. In this book we use w, and assume that w falls within an uncertainty
set W. The set VW is designed to capture the random outcomes with some level of confidence
that we can parameterize with 0, so we are going to write the uncertainty set as WW(9).

The robust optimization problem is stated as

min max F(z,w). (2.31)
zeX wewW(0)

Creating the uncertainty set YW(6) can be a difficult challenge. For example, if w is a
vector with element w;, one way to formulate ¥/ (0) is the box:

WO) = {wllo" < w, < 07, Vi),

where 6 = (§!°wer §uPPer) are tunable parameters that govern the creation of the uncer-
tainty set.
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The problem is that the worst outcome in WW(6) is likely to be one of the corners of the
box, where all the elements w; are at their upper or lower bound. In practice, this is likely
to be an extremely rare event. A more realistic uncertainty set captures the likelihood that
a vector w may happen. There is considerable research in robust optimization focused on
creating the uncertainty set WW(6).

We note that just as we formulated a two-stage stochastic programming problem in
equation (2.24), and then pointed out that this was really a lookahead policy (see equa-
tion (2.26)), our robust optimization problem given by (2.31) can be written as a robust
optimization policy if we write it as

XTO(8,) = arg min max  F(x, wep). (2.32)
( ) & T €EXy wip1EWr11(0) ( o )
A number of papers in the robust optimization literature are doing precisely this: they
formulate a robust optimization problem at time ¢, and then use it to make a decision x¢,
after which they step forward, observe new information W ;, and repeat the process. This
means that their robust optimization problem is actually a form of lookahead policy.

2.2 A UNIVERSAL MODELING FRAMEWORK FOR SEQUENTIAL DECISION
PROBLEMS

Now that we have covered most of the major communities dealing with sequential decisions
under uncertainty, it is useful to review the elements of all sequential decision problems. We
are going to revisit this topic in considerably greater depth in chapter 9, but this discussion
provides an introduction and a chance to compare our framework to those we reviewed
above.

Our presentation focuses on sequential decision problems under uncertainty, which
means new information arrives after each decision is made, but we can always ignore the
new information to create a problem comparable to the deterministic control problem in
sectionb 2.1.4. We are going to assume our problem evolves over time, but there are many
settings where it is more natural to use a counter (the n** experiment, the n'" customer).

2.2.1 Our universal model for sequential decision problems
These problems consist of the following elements:

The state variable - S - This captures all the information we need to model the system from
time ¢ onward, which means computing the cost/contribution function, constraints on
decisions, and any other variables needed to model the transition of this information
over time. The state S; may consist of the physical resources R; (such as inventories),
other deterministic information I (price of a product, weather), and the belief state B
which captures information about a probability distribution describing parameters
or quantities that cannot be directly (and perfectly) observed. It is important to
recognize that the state variable, regardless of whether it is describing physical
resources, attributes of a system, or the parameters of a probability distribution, is
always a form of information.

The decision variable - x; - Decisions (which might be called actions a; or controls
u;) represent how we control the process. Decisions are determined by decision
functions known as policies, also known as control laws in control theory. If our
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decision is x¢, we will designate our policy by X7 (S;). Similarly, if we wish to use
a; or u; as our decision variable, we would use A™(S;) or U™(S;) as our policy.
If X; is our feasible region (which depends on information in S;), we assume that
X”(St) € X,

Exogenous information - Wy - This is the information that first becomes known at
time ¢ + 1 from an exogenous source (for example, the demand for product, the
speed of the wind, the outcome of a medical treatment, the results of a laboratory
experiment). W, can be a high dimensional vector of prices (for all the different
stocks) or demands for products.

The transition function - This function determines how the system evolves from the state
S; to the state Sy given the decision that was made at time ¢ and the new information
that arrived between ¢ and ¢ + 1. We designate the transition function (also known
as the system model or the state transition model) by

St+1 = S]V[(St,l't, Wt+1).

Note that W, is a random variable when we make the decision ;. Throughout,
we assume that any variable indexed by ¢ (or n) is known at time ¢ (or after n
observations).

The objective function - This function specifies the costs being minimized, the contribu-
tions/rewards being maximized, or other performance metrics. Let C'(S, ) be the
contribution we are maximizing given the decision x;, and given the information in
St which may contain costs, prices and information for constraints. A basic form of
objective function might be given by

T

F™(S0) = Es,Ew,....wris0 § O C(St, X™(S1)) ¢ - (2.33)
t=0

Our goal would be to find the policy that solves
max F”(Sp). (2.34)

In chapters 7 and 9 we will illustrate a number of other forms of objectives.

If we are using a counter, we would represent the state by S™, decisions by x", and the
exogenous information by W"*!. There are some problems where we need to index by
both time (such as the hour within a week) and a counter (such as the n*"* week). We would
do this using S7.

We now illustrate this framework using an asset acquisition problem:

Narrative - Our asset acquisition problem involves maintaining an inventory of some
resource (cash in a mutual fund, spare engines for aircraft, vaccines, ...) to meet
random demands over time. We assume that purchase costs and sales prices also
vary over time.

State variables - The state variable is the information we need to make a decision and
compute functions that determine how the system evolves into the future. In our
asset acquisition problem, we need three pieces of information. The first is R;, the
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resources on hand before we make any decisions (including how much of the demand
to satisfy). The second is the demand itself, denoted Dy, and the third is the price p;.
We would write our state variable as S; = (R, Dy, pt).

Decision variables - We have two decisions to make. The first, denoted xtD , is how much
of the demand D, during time interval ¢ that should be satisfied using available assets,
which means that we require xtD < R;. The second, denoted x? , is how many new
assets should be acquired at time ¢ which can be used to satisfy demands during time
interval ¢ + 1.

Exogenous information - The exogenous information process consists of three types of
information. The first is the new demands that arise between ¢ and ¢ + 1, denoted
ﬁt+1. The second is the change between ¢ and ¢ + 1 in the price at which we can sell
our assets, denoted p; 1. Finally, we are going to assume that there may be exogenous
changes to our available resources. These might be blood donations or cash deposits
(producing positive changes), or equipment failures and cash withdrawals (producing
negative changes). We denote these changes by Rt+1. We let Wy, represent all the
new information that is first learned between ¢ and ¢ + 1 (that is, after decision x; is
made), which for our problem would be written W4, = (Rt+1, ﬁtJr]_, Der1)-

In addition to specifying the types of exogenous information, for stochastic models
we also have to specify the likelihood of a particular outcome. This might come in
the form of an assumed probability distribution for Rt+1, Dt+1, and p;41, or we may
depend on an exogenous source for sample realizations (the actual price of the stock
or the actual travel time on a path).

Transition function - The evolution of the state variables S; is described using

St+1 = SM(Styl‘t,Wt+1),

where
Riyy = Ry—af +a3f + R,
Dit1 = Dy—aP + Dy,
Dit1 = Pt + Diy1

This model assumes that unsatisfied demands are held until the next time period.

Objective function - We compute our contribution Cy (.S, x¢) which might depend on
our current state and the action x; that we take at time ¢. For our asset acquisition
problem (where the state variable is R;), the contribution function is

Ct(St, [Et) = pt:ctD — Ct.’L'tO.

In this particular model, Cy(.S¢, x+) is a deterministic function of the state and action.
In other applications, the contribution from action x; depends on what happens during
time ¢ 4 1.

Our objective function is given by

T
r;jleaﬁ{E {gct(stan(St))SO} :
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Designing policies will occupy most of the rest of this volume. For an inventory
problem such as this, we might use simple rules, or more complex lookahead policies,
where we may look into the future with a point forecast, or while capturing the
uncertainty of the future.

Chapter 9 is an entire chapter dedicated to filling in details of this basic modeling
framework. When modeling a real problem, we encourage readers to describe each of
these five elements in this order.

2.2.2 A compact modeling presentation

For readers looking for a more compact way of writing a sequential decision problem that
is perhaps more in the style of a classical deterministic math program, we suggest writing
it as

T
m?‘X]ESOEWh...,WT‘SU {ZC(SthW(St))} ’ (235)

t=0

where we assume that the policy is designed to satisfy the constraints
xy = X™(S) € X, (2.36)
The transition function is given by
Se1 = SM (S, X7(St), Wis1), (2.37)
and where we are given an exogenous information process
(So, Wi, Wa, ..., Wr). (2.38)

Of course, this still leaves the problem of describing how to sample the exogenous infor-
mation process, and how to design the policy. However, we do not feel that we need to say
anything about the policy, any more than we need to say something about the decision x in
a deterministic math program.

2.2.3 MDP/RL vs. optimal control modeling frameworks

It helps to pause and ask a natural question: of all the fields listed in section 2.1, do any
of them match our universal framework? The answer is that there is one that comes close:
optimal control (section 2.1.4).

Before describing the strengths of the optimal control modeling framework, we think
it helps to start with the modeling framework that has been adopted by the reinforcement
learning community, which is the most popular of all of these fields (as of the writing
of this book). From its origins in the 1980s, the RL community adopted the modeling
framework long used for Markov decision processes, which we presented in section 2.1.3.
This framework may be mathematically elegant, but it is extremely clumsy in terms of
modeling actual problems. For example, we learn nothing about a problem by defining
some “state space” S or “action space” A. In addition, the one-step transition matrix
P(s'|s,a) is almost never computable. Finally, while it is nice to specify the single-period
reward function, the real problem is to sum the rewards and optimize over policies.
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Now let’s contrast this style with that used in optimal control. In this field, we specify
state variables and decision/control variables. 1t is the field of optimal control that in-
troduced the powerful construct of a transition function, which can seem so obvious, and
yet is largely ignored by the other communities. The optimal control literature focuses
predominantly on deterministic problems, but there are stochastic control problems, most
often using the additive noise of equation (2.15).

The optimal control community does not use our standard format of optimizing over
policies. Yet, this community has aggressively developed different classes of policies. We
observe that the optimal control literature first introduced “linear control laws” (because
they are optimal for linear quadratic regulation problems). It was the first to use value func-
tion approximations under a variety of names including heuristic dynamic programming,
neuro-dynamic programming, and approximate/adaptive dynamic programming. Finally,
it introduced (deterministic) lookahead policies (known as “model predictive control”).
This spans three of our four classes of policies (PFAs, VFAs and DLAs). We suspect that
someone has used the idea of parameterized optimization models for policies (what we
call CFAs), but since this strategy has not been recognized as a formal methodology, it is
difficult to know if and when it has been first used.

All of the fields in section 2.1 suffer from the habit of tying a modeling framework to
a solution approach. Optimal control, along with dynamic programming, assumes that the
starting point is Bellman’s equation (known as Hamilton-Jacobi equations in the controls
community). This is our major point of departure with all of the fields listed above. In our
universal modeling framework, none of the five elements provides any indication of how
to design policies. Instead, we end with an objective function (equations (2.33)-(2.34))
where we state that our objective is to find an optimal policy. We defer until later the search
over the four classes of policies which we first introduced in section 1.4.1, and will revisit
throughout the book.

2.3 APPLICATIONS

We now illustrate our modeling framework using a series of applications. These problems
illustrate some of the modeling issues that can arise in actual applications. We often start
from a simpler problem, and then show how details can be added. Pay attention to the
growth in the dimensionality of the state variable as these complications are introduced.

2.3.1 The newsvendor problems

A popular problem in operations research is known as the newsvendor problem, which is
described as the story of deciding how many newspapers to put out for sale to meet an
unknown demand. The newsvendor problem arises in many settings where we have to
choose a fixed parameter that is then evaluated in a stochastic setting. It often arises as a
subproblem in a wide range of resource allocation problems (managing blood inventories,
budgeting for emergencies, allocating fleets of vehicles, hiring people). It also arises in
other settings, such as bidding a price for a contract (bidding too high means you may lose
the contract), or allowing extra time for a trip.

The newsvendor problem is classically presented as a static final reward formulation,
but we are going to keep an open mind regarding final-reward and cumulative-reward
formulations.
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Basic newsvendor - Final reward The basic newsvendor is modeled as
F(z,W) = pmin{a, W} — cz, (2.39)

where x is the number of “newspapers” we have to order before observing our random
“demand” W. We sell our newspapers at a price p (the smaller of x and W), but we have
to buy all of them at a unit cost c. The goal is to solve the problem

max Ey F'(z, W). (2.40)

In most cases, the newsvendor problem arises in settings where we can observe W, but we
do not know its distribution (this is often referred to as “data driven”). When this is the
case, we assume that we have to determine the amount to order z" at the end of day n, after
which we observe demand W1, giving us a profit (at the end of day n + 1) of

F7L+1 _ F(J’J”,W”+1> _ pmin{$n7 W'rz+1} — ex™.

After each iteration, we may assume we observe W"*1, although often we only observe
min(2™, W *+1) (which is known as censored observations) or perhaps just the realized
profit

Frtb = pmin{a™, W™} — ca™.

We can devise strategies to try to learn the distribution of W, and then use our ability to
solve the problem optimally (given in exercise 4.12).

Another approach is to try to learn the function Eyy F'(x, W) directly. Either way, let
S™ be our belief state (about W, or about Eyy, F'(2, W)) about our unknown quantities. S™
might be a point estimate, but it is often a probability distribution. For example, we might
let 1, = EF (2, W) where we assume that z is discrete (say, the number of newspapers).
After n iterations, we might have estimates ]} of EF(x, W), with standard deviation
o" where we would then assume that i, ~ N(ji”,5™?2). In this case, we would write
S™ = (", 5"™) where i and 6™ are both vectors over all values of x.

Given our (belief) state S™, we then have to define a policy (we might also call this a
rule, or it might be a form of algorithm) that we denote by X™(S™) where 2™ = X™(S™) is
the decision we are going to use in our next trial where we either observe W™ or FrtL,
While we would like to run this policy until n — oo, in practice we are going to be limited
to N trials which then gives us a solution 2™V, This solution depends on our initial state
S9, the observations W, ..., W which occurred while we were finding ™", and then
we observe T to evaluate 2™, We want to find the policy that solves

maxEgoBy _ ws0Egp g0 F (@™, w). (2.41)
™
Basic newsvendor - cumulative reward A more realistic presentation of an actual
newsvendor problem recognizes that we are accumulating profits while simultaneously
learning about the demand W (or the function Ey, F'(x, W)). If this is the case, then we
would want to find a policy that solves

T—1
max Es, By, ... wr s, > F(X™(S:), Wiga). (2.42)

t=0

The cumulative reward formulation of the newsvendor problem, which captures the active
learning process, appears to be new, despite being the most natural model of an actual
newsvendor problem.
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Contextual newsvendor Imagine a newsvendor problem where the price p of our
product is dynamic, given by p;, which is revealed before we have to make a decision. Our
profit would be given by

F(z,W|S;) = ps min{z, W} — cx. (2.43)

As before, assume that we do not know the distribution of W, and let B; be the state of our
belief about W (or about EF'(z, W)). Our state S; = (p¢, By), since we have to capture
both the price p; and our state of belief B;. We can write our problem now as

max Ey F'(z, W|S;).
xT

Now, instead of finding the optimal order quantity z*, we have to find the optimal order
quantity as a function of the state S;, which we might write as z*(S;). While z* is a
deterministic value, 2*(S) is a function of the state which represents the “context” for the
decision z*.

As we see, the “context” (a popular term in the learning community) is really just a state
variable, and z*(9S) is a form of policy. Finding an optimal policy will always be hard,
but finding a practical, implementable policy simply involves the exercise of going through
each of the four classes of policies to find one that seems promising.

Multidimensional newsvendor problems Newsvendor problems can be multidi-
mensional. One version is the additive newsvendor problem where there are K products
to serve K demands, but using a production process that limits the total amount delivered.
This would be formulated as

K
F(xl, e 71’[{) = .EV[/1 LWk Zpk min(xk, Wk) — CrTk, (244)
k=1
where
K
> < U (2.45)
k=1

A second version arises when there are multiple products (different types/colors of cars)
trying to satisfy the same demand W. This is given by

K k—1 + K
F(xy,...,2x) =Ew Zpkmin Tk, (W—ng> —chmk ,  (2.46)
k=1

k=1 (=1

where (Z)* = max(0, Z).

2.3.2 Inventory/storage problems

Inventory (or storage) problems represent an astonishingly broad class of applications that
span any problem where we buy/acquire (or sell) a resource to meet a demand, where
excess inventory can be held to the next time period. Elementary inventory problems (with
discrete quantities) appear to be the first problem to illustrate the power of a compact
state space, which overcomes the exponential explosion that occurs if you try to formulate
and solve these problems as decision trees. However, these elementary problems become
complicated very quickly as we move into real applications.
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Inventory without lags The simplest problem allows us to order new product x; at
time ¢ that arrives right away. We begin by defining the notation:

R; = Amount of inventory left over at the end of period ¢.
x; = Amount ordered at the end of period ¢ that will be available at the beginning
of time period ¢.
ﬁt+1 = Demand for the product that arises between ¢ and ¢ + 1.
¢t = The unit cost of order product for product ordered at time ¢.
p¢ = The price we are paid when we sell a unit during the period (¢,¢ + 1).

Our basic inventory process is given by
Rt+1 = maX{O, Rt + x4 — Dt+1}.

We add up our total contribution at the end of each period. Let y; be the sales during time
period (¢ — 1,t). Our sales are limited by the demand D, as well as our available product
Ri_1 + x4_1, but we are going to allow ourselves to choose how much to sell, which may
be smaller than either of these. So we would write

Yo < R+ a4,
ye < Dy

We are going to assume that we determine y, at time ¢ after we have learned the demands
D, for the preceding time period. So, at time ¢, the revenues and costs are given by

Ct(xta yt) = DtYt — Cty.
If this were a deterministic problem, we would formulate it as

T

max E (Peye — cey).
(zt,y¢),t=0,....,T —o

However, we often want to represent the demands f)t_H as being random at time ¢. We
might want to allow our prices p;, and perhaps even our costs ¢, to vary over time with both
predictable (e.g. seasonal) and stochastic (uncertain) patterns. In this case, we are going to
need to define a state variable S; that captures what we know at time ¢ before we make our
decisions z; and y;. Designing state variables is subtle, but for now we would assume that
it would include Ry, p;, ¢, as well as the demands D, that have arisen during interval
(t,t+1).

Unlike the newsvendor problem, the inventory problem can be challenging even if the
distribution of demand D, is known. However, if it is unknown, then we may need to
maintain a belief state B; about the distribution of demand, or perhaps the expected profits
when we place an order x;.

The features of this problem allow us to create a family of problems:

Static data - If the prices p; and costs ¢; are constant (which is to say that p, = p and
¢y = c¢), with a known distribution of demand, then we have a stochastic optimization
problem where the state is just S; = R;.

Dynamic data - Assume the price p; evolves randomly over time, where p;11 = py +€441,
then our state variable is S; = (R, py).
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History-dependent processes - Imagine now that our price process evolves according to

pr+1 = bopt + 01p1—1 + O2pt—2 + €141,
then we would write the sate as .S; = (Rt, (pt,pt_l,pt_g)).

Learning process - Now assume that we do not know the distribution of the demand. We
might put in place a process to try to learn it, either from observations of demands or
sales. Let B, capture our belief about the distribution of demand, which may itself be
a probability distribution. In this case, our state variable would be S; = (Ry, pt, B).

Let Y™ (S;) be the selling policy we use to determine y;, and let X7 (S;) be the buying
policy we use for determining x;, where 7 carries the parameters that determine both
policies. We would write our objective function as

T
maxE Y (Y™ (Sy) — e, X™(Sy)).
K
t=0

Inventory problems are quite rich. This is a problem where it is quite easy to create
variations that can be solved with each of the four classes of policies introduced in section
1.4. We describe these four classes of policies in much more depth in chapter 11. In section
11.9, we illustrate an inventory problem that arises in energy storage where each of the four

classes of policies may work best.

Inventory planning with forecasts An important extension that arises in many real
applications is where the data (demands, prices, even costs) may follow time-varying
patterns which can be approximately forecasted. Let

fi¥ = forecast of some activity (demands, prices, costs) made at time ¢ that
we think will happen at time ¢'.

Forecasts evolve over time. They may be given to us from an exogenous source (a
forecasting vendor), or we may use observed data to do our own updating of forecasts.
Assuming they are provided by an external vendor, we might describe the evolution of
forecasts using

w W, W
Tiv1e = feor + Fig1e

where fg/_‘( 1, 1s the (random) change in the forecasts over all future time periods t'.

When we have forecasts, the vector £}V = ( ft‘;g‘{)t’Zt technically becomes part of the
state variable. When forecasts are available, the standard approach is to treat these as latent
variables, which means that we do not explicitly model the evolution of the forecasts, but
rather just treat the forecast as a static vector. We will return to this in chapter 9, and
describe a strategy for handling rolling forecasts in chapter 13.

Lagged decisions There are many applications where we make a decision at time
t (say, ordering new inventory) that does not arrive until time ¢’ (as a result of shipping
delays). In global logistics, these lags can extend for several months. For an airline ordering
new aircraft, the lags can span several years.

We can represent lags using the notation

x4 = Inventory ordered at time ¢ to arrive at time ¢’.

Ri = Inventory that has been ordered at some time before ¢ that is going
to arrive at time ¢'.
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The variable ;- is how we capture the effect of previous decisions. We can roll these
variables up into the vectors x; = (24 )p>¢ and Ry = (Ryps )pr>1.

Lagged problems are particularly difficult to model. Imagine that we want to sign
contracts to purchase natural gas in month ¢” that might be three years into the future to
serve uncertain demands. This decision has to consider the possibility that we may place
an order x4~ at a time ¢’ that is between now (time t) and time ¢”. At time ¢, the decision
x4 s a random variable that depends not just on the price of natural gas at time ¢’, but
also the decisions we might make between ¢ and t’, as well as evolving forecasts.

2.3.3 Shortest path problems

Shortest path problems represent a particularly elegant and powerful problem class, since
a node in the network can represent any discrete state, while links out of the node can
represent a discrete action.

A deterministic shortest path problem A classical sequential decision problem is
the shortest path problem. Let

Z = the set of nodes (intersections) in the network,
L = the setof links (7, 7) in the network,
cij = the cost (typically the time) to drive from node % to node j, ¢,j €
Z,(i,j) € L,
I/ = thesetof nodes j for which there is a link (i, j) € L,
Z; = the setof nodes i for which there is a link (4, j) € L.

A traveler at node 7 needs to choose the link (7, j) where j € Z;" is a downstream node
from node 7. Assume that the traveler needs to get from an origin node ¢ to a destination
node 7 at least cost. Let

v; = The minimum cost required to get from node j to node 7.
We can think of v; as the value of being in state j. At optimality, these values will satisfy

v; = min (¢;; + v;).

min (e +1)
This fundamental equation underlies all the shortest path algorithms used in navigation
systems, although these have been heavily engineered to achieve the rapid response we
have become accustomed to. A basic shortest path algorithm is given in figure 2.4, although
this represents just the skeleton of what a real algorithm would look like.

A stochastic shortest path problem We are often interested in shortest path prob-
lems where there is uncertainty in the cost of traversing a link. For our transportation
example, it is natural to view the travel time on a link as random, reflecting the variability
in traffic conditions on each link.

To handle this new dimension correctly, we have to specify whether we see the outcome
of the random cost on a link before or after we make the decision whether to traverse the
link. If the actual cost is only realized after we traverse the link, then our decision at node
x; that we made when we are at node 7 would be written

x; = arg min E (é;; + vj),
JETS
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Step 0. Let

J

0 = M j#m,
0 j=nmr.

where “M” is known as “big-M” and represents a large number. Let n = 1.

Step 1. Solve forall i € Z,

v’ = min (cij + v?fl) .
Jez;

Step 2. If v’ < v?_l for any ¢, let n = n + 1 and return to step 1. Else stop.

Figure 2.4 A basic shortest path algorithm.

where the expectation is over the (assumed known) distribution of the random cost ¢;;. For
this problem, our state variable S is simply the node at which we are located.
If we get to make our decision after we learn ¢;;, then our decision would be written

x; = E< arg min (¢;; +v;) ¢ .

JETS
In this setting, the state variable .S is given by .S = (i, (¢;;);) includes both our current
node, but also the costs on links emanating from node 7.

A dynamic shortest path problem Now imagine the problem being solved by any
online navigation system which gets live information from the network, and updates the
shortest path periodically. Assume at time ¢ that the navigation system has estimates Cy;;
of the cost of traversing link (7, j) € £ where L is the set of all the links in the network.
The system uses these estimates to solve a deterministic shortest path problem which
recommends what to do right now.

Assume that the vector of estimated costs ¢; is updated each time period (perhaps this
is every 5 minutes), so at time ¢ 4+ 1 we are given the vector of estimates ¢;4;. Let Ny be
the node where the traveler is located (or is heading inbound to). The state variable is now

St = (N¢, &).

Remembering that there is an element of ¢; for each link in the network, our state variable
St has dimensionality |£| + 1. In chapter 19 we will describe how it is that we can solve
such a complex problem using simple shortest path calculations.

A robust shortest path problem Weknow that costs ¢;; are uncertain. The navigation
services can use their observations to build probability distributions for ¢;;,; for the estimates
of the travel times given what we know at time ¢t. Now, imagine that, rather than taking an
average, we use the §-percentile, which we represent by ¢;;(0). So, if we set § = 0.90,
we would be using the 90" percentile travel time, which would discourage using links that
can become highly congested.

Now let /7 (0) € L be the link that is recommended when we are in state S; = (N, ¢(0))
and choose a direction by solving a deterministic shortest path problem using the link costs
c+(0). Let &, 47 (p) be the actual cost the traveler experiences traversing link £7 () = (i, j) €
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L at time ¢. The problem is now to optimize across this class of policies by solving

inlE Ct o
min {Zt:ct7et(9)|50}7

where Sy captures the starting point of the vehicle and initial estimates of the costs. We
discuss this strategy in further depth in chapter 19.

2.3.4 Some fleet management problems

Fleet management problems, such as those that arise with ride hailing fleets, represent a
special class of resource allocation problem. In this section we start by describing the
problem faced by a single truck driver we call the “nomadic trucker,” and then show how
to extend the basic idea to fleets of trucks.

The nomadic trucker The nomadic trucker is a problem where a single truck driver
will pick up a load at A, drive it from A to B, drop it off at B, and then has to look for a
new load (there are places to call in to get a list of available loads). The driver has to think
about how much money he will make moving the load, but he then also has to recognize
that the load will move him to a new city. His problem is to choose from a set of loads out
of his location at A.

The driver is characterized at each point in time by his current or future location ¢,
(which is a region of the country), his equipment type F; which is the type of trailer he
is pulling (which can change depending on the needs of the freight), his estimated time of
arrival at /; (denoted by 7£%), and the time 7/*°™¢ that he has been away from his home.
We roll these attributes into an attribute vector a; given by

eta _home
at:(ﬂt,Et,Tt ’Tt )

When the driver arrives at the destination of a load, he calls a freight broker and gets a set
of loads £, that he can choose from. This means that his state variable (the information
just before he makes a decision), is given by

Sy = (ataﬁt)'

The driver has to choose among a set of actions X; = (L, “hold”) that includes the loads
in the set £, or doing nothing. Once the driver makes this choice, the set £; is no longer
relevant. His state immediately after he makes his decision is called the post-decision state
SY = af (the state immediately after a decision is made), which is updated to reflect the
destination of the load, and the time he is expected to arrive at this location.

The natural way for a driver to choose which action to take is to balance the contribution
of the action, which we write as C'(S¢, x¢), and the value of the driver in his post-decision
state af. We might write this policy, which we call X™(S;), using

X7(8¢) = arg max (C(Se,x) + V7 (af)). (2.47)

TEX:

The algorithmic challenge is creating the estimates Vf(af), which is an example of what
we will call a value function approximation. If the number of possible values of the driver
attribute vector ai was not too large, we could solve this problem using the same way we
would solve the stochastic shortest path problem introduced in section 2.3.3. The hidden
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assumption in this problem is that the number of nodes is not too large (even a million
nodes is considered manageable). When a “node” is a multidimensional vector a;, then we
may have trouble manipulating all the possible values this may take (another instance of
the curse of dimensionality).

From one driver to a fleet We can model a fleet of drivers by defining

Rt a
Ry

the number of drivers with attribute vector a at time ¢,
(Rta)a€A~

where a € A is in an attribute space that spans all the possible values that each element of
as may take.

Similarly, we might describe loads by an attribute vector b that contains information
such as origin, destination, scheduled pickup and delivery windows, required equipment
type, and whether the load contains hazardous materials. In the United States, it is typical
to aggregate the country into 100 regions, giving us 10,000 origin-destination pairs. Let

Ly,
L,

the number of loads with attribute vector b at time ¢,
(Ltv)ven-

Our state variable is then given by
St = (Rt, Lt)

We leave it as an exercise to the reader to try to estimate the size of the state space for
this problem. We show how this problem can be solved in chapter 18 using value function
approximations.

2.3.5 Pricing

Imagine that we are trying to determine the price of a product, and that we feel that we can
model the demand for the product using a logistics curve given by

ef1—02p

D(pl0) = GOW.

The total revenue from charging price p is given by
R(pl0) = pD(pl6).

If we knew 6, finding the optimal price would be a fairly simple exercise. But now assume
that we do not know 6. Figure 2.5 illustrates a family of potential curves that might describe
revenue as a function of price.

We can approach this problem as one of learning the true value of 6. Let © =
(01,...,0K) be a family of possible values of § where we assume that one of the ele-
ments of O is the true value. Let p;! be the probability that 6 = 6}, after we have made n
observations. The state of our learning system, then, is S™ = (p})_, which captures our
belief about #. We revisit this problem in chapter 7.
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Figure 2.5 [Illustration of a family of possible revenue curves.

2.3.6 Medical decision making

Physicians have to make decisions about patients who arrive with some sort of complaint.
The process starts by taking a medical history which consists of a series of questions
about the patients history and lifestyle. Let A™ be this history, where h™ might consist of
thousands of different possible characteristics (humans are complicated!). The physician
might then order additional tests which produce additional information, or she might
prescribe medication or request a surgical procedure. Let d™ capture these decisions. We
can wrap this combination of patient history h™ and medical decisions d™ into a set of
explanatory variables that we designate ™ = (h™,d"). Also let § be a parameter vector
with the same dimensionality as z".

Now assume we observe an outcome y" which for simplicity we are going to represent
as binary, where y" = 1 can be interpreted as “success” and y" = 0 is a “failure.” We
are going to assume that we can model the random variable y™ (random, that is, before we
observe the results of the treatment) using a logistic regression model, which is given by

0Tz
e
]P;[yn — 1‘1,71 = (hn’dn)79] = W (248)

This problem illustrates two types of uncertainty. The first is the patient history A",
where we typically would not have a probability distribution describing these attributes.
It is difficult (actually, impossible) to develop a probabilistic model of the complex char-
acteristics captured in A" describing a person, since a history is going to exhibit complex
correlations. By contrast, the random variable y™ has a well defined mathematical model,
characterized by an unknown (and high dimensional) parameter vector 6.

We can use two different approaches for handling these different types of uncertainty.
For patient attributes, we are going to use an approach that is often known as data driven.
We might have access to a large dataset of prior attributes, decisions and outcomes, that we
might represent as (2" = (h",d"),y")"N_,. Alternatively, we may assume that we simply
observe a patient h™ (this is the data-driven part), then make a decision d” = D™(S™)
using a decision function D™ (S™) that can depend on a state variable S™, and then observe
an outcome y" which we can describe using our probability model.
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2.3.7 Scientific exploration

Scientists looking to discover new drugs, new materials, or new designs for a wing or rocket
engine, are often faced with the need to run difficult laboratory experiments looking for the
inputs and processes to produce the best results. Inputs might be a choice of catalyst, the
shape of a nanoparticle, or the choice of molecular compound. There might be different
steps in a manufacturing process, or the choice of a machine for polishing a lens.

Then, there are the continuous decisions. Temperatures, pressures, concentrations,
ratios, locations, diameters, lengths and times are all examples of continuous parameters.
In some settings these are naturally discretized, although this can be problematic if there
are three or more continuous parameters we are trying to tune at the same time.

We can represent a discrete decision as choosing an element z € X = {z1,..., 2}
Alternatively, we may have a continuous vector x = (1, 22,...,2Zx). Let 2™ be our
choice of x (whether it is discrete or continuous). We are going to assume that 2™ is the
choice we make after running the n'” experiment that guides the n 4 1¢ experiment, from
which we observe W"T!. The outcome W"*! might be the strength of a material, the
reflexivity of a surface, or the number of cancer cells killed.

We use the results of an experiment to update a belief model. If x is discrete, imagine
we have an estimate [}, which is our estimate of the performance of running an experiment
with choice z. If we choose = x and observe W "1, then we can use statistical methods
(which we describe in chapter 3) to obtain updated estimates 1. In fact, we can use
a property known as correlated beliefs that may allow us to run experiment = x™ and
update estimates ﬂZ,J“ ! for values 2’ other than .

Often, we are going to use some parametric model to predict a response. For example,
we might create a linear model which can be written

f(@"]0) = 00 + O1¢1(2") + O22(2") + ... ., (2.49)

where ¢ ¢ (2") is a function that pulls out relevant pieces of information from the inputs 2™ of
an experiment. For example, if element z; is the temperature, we might have ¢ (z") = =¥
and ¢o(z™) = (1), If 211 is the pressure, we could also have ¢3(z") = 2727, | and
da(a™) = w2 (2l ).

Equation (2.49) is known as a linear model because it is linear in the parameter vector
0. The logistic regression model in (2.48) is an example of a nonlinear model (since it
is nonlinear in #). Whether it is linear or nonlinear, parametric belief models capture the
structure of a problem, reducing the uncertainty from an unknown ji,, for each x (where
the number of different values of x can number in the thousands to millions or more) down

to a set of parameters ¢ that might number in the tens to hundreds.

2.3.8 Machine learning vs. sequential decision problems

There are close parallels between designing policies for sequential decision problems and
machine learning. Let:

™ = the data corresponding to the n'” instances of a problem (the characteristics
of a patient, the attributes of a document, the data for an image) that we want
to use to predict an outcome ",

y" = the response, which might be the response of a patient to a treatment, the

categorization of a document, or the classification of an image,



66 CANONICAL PROBLEMS AND APPLICATIONS

f(z™|0) = our model which we use to predict y" given ",

@ = anunknown parameter vector used to determine the model.

We assume we have some metric that indicates how well our model f(xz|6) is performing.
For example, we might use

L(z",y"0) = (4" — f(a"]0))*.

The function f(x|€) can take on many forms. The simplest is a basic linear model of
the form

Falo) =" 0s¢5(x),

feF

where ¢ 7 (z) is known as a feature, and F is the set of features. There may be just a handful
of features, or thousands. The statistics and machine learning communities have developed
a broad array of functions, each of which is parameterized by some vector f (sometimes
designated as weights w). We review these in some depth in chapter 3.

The machine learning problem is to first pick a class of statistical model f € F, and
then tune the parameters # € ©/ associated with that class of function. We write this as

N
1
min  — o f(a™6))% 2.50
Lo % ;(y f(z"19)) (2.50)
When we are solving a sequential decision problem, we need to find the best policy.
We can think of a policy 7 as consisting of choosing a function f € F along with tunable
parameters § € ©/. When we write our problem of optimizing over policies, we typically
use

T
max E{Z C(St,X’T(St|0))|SO}. (2.51)
t=0

rm=(feF,0€07)

When we compare the machine learning problem (2.50) with the sequential decision
problem (2.51), we see that both are searching over classes of functions. We argue in
chapter 3 that there are three (overlapping) classes of functions used for machine learning:
lookup tables, parametric and nonparametric functions. Then we are going to argue in
chapter 11 that there are four classes of policies (that is, four set of functions in F when
we are designing policies), where one of them, policy function approximations, includes
all the functions that we might use in machine learning. The other three are all forms of
optimization problems.

2.4 BIBLIOGRAPHIC NOTES

Section 2.1.1 - The field of stochastic search traces its roots to two papers: Robbins
& Monro (1951) for derivative-based stochastic search, and Box & Wilson (1951)
for derivative-free methods. Some early papers include the work on unconstrained
stochastic search including Wolfowitz (1952) (using numerical derivatives), Blum
(1954) (extending to multidimensional problems), and Dvoretzky (1956), which
contributed theoretical research. A separate line of research focused on constrained
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problems under the umbrella of “stochastic quasi-gradient” methods, with seminal
contributions from Ermoliev (1988), Shor (1979), Pflug (1988), Kushner & Clark
(1978), Shapiro & Wardi (1996), and Kushner & Yin (2003). As with other fields, this
field broadened over the years. The best modern review of the field (under this name)
is Spall (2003), which was the first book to pull together the field of stochastic search
as it was understood at that time. Bartlett et al. (2007) approaches this topic from the
perspective of online algorithms, which refers to stochastic gradient methods where
samples are provided by an exogenous source.

The derivative-free version of stochastic search with discrete alternatives has been
widely studied as the ranking and selection problem. Ranking and selection enjoys
a long history dating back to the 1950’s, with an excellent treatment of this early
research given by the classic DeGroot (1970), with a more up to date review in Kim
& Nelson (2007). Recent research has focused on parallel computing (Luo et al.
(2015), Nietal. (2016)) and handling unknown correlation structures (Qu et al. 2012).
However, ranking and selection is just another name for derivative-free stochastic
search, and has been widely studied under this umbrella (Spall 2003). The field
has attracted considerable attention from the simulation-optimization community,
reviewed next.

Section 2.1.2 - Decision trees represent the simplest approach to modeling and, for simple
settings, solving sequential decision problems. They lend themselves to complex
decision problems in health (should a patient receive an MRI?), business (should a
business enter a new market) and policy (should the military pursue a new strategy).
(Skinner 1999) is one of many books on decision trees, and there are literally dozens
of survey articles addressing the use of decision trees in different application areas.

Section 2.1.3 - The field of Markov decision processes was introduced, initially in the
form of deterministic dynamic programs, by Bellman (1952), leading to his classic
reference (Bellman 1957) (see also (Bellman 1954) and (Bellman et al. 1955)), but
this work was continued by a long stream of books including Howard (1960) (another
classic), Nemhauser (1966), Denardo (1982), Heyman & Sobel (1984), leading up to
Puterman (2005) (this first appeared in 1994). Puterman’s book represents the last but
best in a long series of books on Markov decision processes, and now represents the
major reference in what is a largely theoretical field, since the core of the field depends
on one-step transition matrices which are rarely computable, and only for extremely
small problems. More recently, Bertsekas (2017) provides an in-depth summary of
the field of dynamic programming and Markov decision processes using a style that
is a hybrid of notation from optimal control, with the principles of Markov decision
processes, while also covering many of the concepts from approximate dynamic
programming and reinforcement learning (covered below).

Section 2.1.4 - There is a long history in the development of optimal control dating to the
1950s, summarized by many books including Kirk (2012), Stengel (1986), Sontag
(1998), Sethi (2019), and Lewis & Vrabie (2012). The canonical control problem is
continuous, low-dimensional and unconstrained, which leads to an analytical solu-
tion. Of course, applications evolved past this canonical problem, leading to the use
of numerical methods. Deterministic optimal control is widely used in engineering,
whereas stochastic optimal control has tended to involve much more sophisticated
mathematics. Some of the most prominent books include Astrom (1970), Kushner
& Kleinman (1971), Bertsekas & Shreve (1978), Yong & Zhou (1999), Nisio (2014)
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and Bertsekas (2017) (note that some of the books on deterministic controls touch
on the stochastic case).

As a general problem, stochastic control covers any sequential decision problem, so
the separation between stochastic control and other forms of sequential stochastic
optimization tends to be more one of vocabulary and notation (Bertsekas (2017) is a
good example of a book that bridges these vocabularies). Control-theoretic thinking
has been widely adopted in inventory theory and supply chain management (e.g.
Ivanov & Sokolov (2013) and Protopappa-Sieke & Seifert (2010)), finance (Yu et al.
2010), and health services (Ramirez-Nafarrate et al. 2014), to name a few.

There is considerable overlap between the fields of dynamic programming (including
Markov decision processes) and optimal control (including stochastic control), but
the two fields have evolved largely independently, using different notation, and
motivated by very different applications. However, there are numerous parallels in
the development of numerical methods for solving problems in both fields. Both
fields start from the same foundation, known as Bellman’s equations in dynamic
programming, and Hamilton-Jacobi equations in optimal control (leading some to
refer to them as Hamilton-Jacobi-Bellman (or HIB) equations.

Section 2.1.5 - Approximate dynamic programming (also referred to as adaptive dynamic

programming and, for a period, neuro-dynamic programming) has been studied since
Bellman first recognized that discrete dynamic programming suffered from the curse
of dimensionality (see Bellman & Dreyfus (1959) and Bellman et al. (1963)), but
the operations research community then seemed to drop any further research in
approximation methods until the 1980’s. As computers improved, researchers began
tackling Bellman’s equation using numerical approximation methods, with the most
comprehensive presentation in Judd (1998) which summarized almost a decade of
research (see also Chen et al. (1999)).

A completely separate line of research in approximations evolved in the control theory
community with the work of Paul Werbos (Werbos (1974)) who recognized that the
“cost-to-go function” (the same as the value function in dynamic programming),
could be approximated using various techniques. Werbos helped develop this area
through a series of papers (examples include Werbos (1989), Werbos (1990), Werbos
(1992) and Werbos (1994)). Important references are the edited volumes (White
& Sofge 1992) and (Si et al. 2004) which highlighted what had already become a
popular approach using neural networks to approximate both policies (“actor nets’)
and value functions (“critic nets”). Si et al. (2004) contains a nice review of the field
as of 2002.

Tsitsiklis (1994) and Jaakkola et al. (1994) were the first to recognize that the basic al-
gorithms being developed under the umbrella of reinforcement learning represented
generalizations of the early stochastic gradient algorithms of Robbins & Monro
(1951). Bertsekas & Tsitsiklis (1996) laid the foundation for adaptive learning al-
gorithms in dynamic programming, using the name “neuro-dynamic programming.”
Werbos, (e.g. Werbos (1992)), had been using the term “approximate dynamic pro-
gramming,” which became the title of Powell (2007) (with a major update in Powell
(2011)), a book that also merged math programming and value function approxi-
mations to solve high-dimensional, convex stochastic optimization problems (but,
see the developments under stochastic programming below). Later, the engineering
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controls community reverted to “adaptive dynamic programming” as the operations
research community adopted “approximate dynamic programming.”

Section 2.1.6 - A third line of research into approximation methods started in the 1980s
in the computer science community under the umbrella of “reinforcement learning”
with the work of Richard Sutton and Andy Barto into ()-learning. The field took
off with the appearance of their now widely cited book (Sutton & Barto 2018),
although by this time the field was quite active (see the review Kaelbling et al.
(1996)). Research under the umbrella of “reinforcement learning” has evolved to
include other algorithmic strategies under names such as policy search and Monte
Carlo tree search. Other references from the reinforcement learning community
include Busoniu et al. (2010) and Szepesvari (2010). In 2017, Bertsekas published
the fourth edition of his optimal control book (Bertsekas (2017)), which covers a
range of topics spanning classical Markov decision processes and the approximate
algorithms associated with approximate dynamic programming and optimal control,
but using the notation of optimal control and constructs from Markov decision
processes (such as one-step transition matrices). Bertsekas’ book easily has the most
comprehensive review of the ADP/RL literature, and we recommend that readers
looking for a comprehensive bibliography of these fields (as of 2017). In 2018,
Sutton and Barto came out with a greatly expanded second edition of their classic
Reinforcement Learning book (Sutton & Barto (2018)) which features methods that
move far behind the basic ()-learning algorithms of the first edition. In the language of
this book, readers comparing the first and second editions of Reinforcement Learning
will see the transition from policies based on value functions alone (Q-learning in
the RL community), to examples from all four classes of policies.

The characterization of “reinforcement learning” along the lines of the three features
(e.g. ‘“‘agent acting on the environment receiving a reward”) was provided at a
workshop by Professor Benjamin van Roy, a leader in the RL community.

Section 2.1.7 - Optimal stopping is an old and classic topic. An elegant presentation
is given in Cinlar (1975) with a more recent discussion in Cinlar (2011) where it
is used to illustrate filtrations. DeGroot (1970) provides a nice summary of the
early literature. One of the earliest books dedicated to the topic is Shiryaev (1978)
(originally in Russian). Moustakides (1986) describes an application to identifying
when a stochastic process has changed, such as the increase of incidence in a disease
or a drop in quality on a production line. Feng & Gallego (1995) uses optimal
stopping to determine when to start end-of-season sales on seasonal items. There
are numerous uses of optimal stopping in finance (Azevedo & Paxson 2014), energy
(Boomsma et al. 2012) and technology adoption (Hagspiel et al. 2015), to name just
a few.

Section 2.1.8 - There is an extensive literature exploiting the natural convexity of Q(xo, W7)
in xg, starting with Van Slyke & Wets (1969), followed by the seminal papers on
stochastic decomposition (Higle & Sen 1991) and the stochastic dual dynamic pro-
gramming (SDDP) (Pereira & Pinto 1991). A substantial literature has unfolded
around this work, including Shapiro (2011) who provides a careful analysis of
SDDP, and its extension to handle risk measures (Shapiro et al. (2013), Philpott
et al. (2013)). A number of papers have been written on convergence proofs for
Benders-based solution methods, but the best is Girardeau et al. (2014). Kall &
Wallace (2009) and Birge & Louveaux (2011) are excellent introductions to the field
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of stochastic programming. King & Wallace (2012) is a nice presentation on the
process of modeling problems as stochastic programs. A modern overview of the
field is given by Shapiro et al. (2014). ,

Section 2.1.9 - Active learning problems have been studied as “multiarmed bandit prob-
lems” since 1960 in the applied probability community. DeGroot (1970) was the first
to show that an optimal policy for the multiarmed bandit problem could be formu-
lated (if not solved) using Bellman’s equation (this is true of any learning problem,
regardless of whether we are maximizing final or cumulative rewards). The first real
breakthrough occurred in Gittins & Jones (1974) (the first and most famous paper),
followed by Gittins (1979). The theory of Gittins indices was described thoroughly
in his first book (Gittins 1989), but the “second edition” (Gittins et al. 2011), which
was a complete rewrite of the first edition, represents the best introduction to the
field of Gittins indices, which now features hundreds of papers. However, the field
is mathematically demanding, with index policies that are difficult to compute.

A parallel line of research started in the computer science community with the work
of Lai & Robbins (1985) who showed that a simple policy known as upper confidence
bounding possessed the property that the number of times we test the wrong arm
can be bounded (although it continues to grow with n). The ease of computation,
combined with these theoretical properties, made this line of research extremely
attractive, and has produced an explosion of research. While no books on this topic
have appeared as yet, an excellent monograph is Bubeck & Cesa-Bianchi (2012).

These same ideas have been applied to bandit problems using a terminal reward
objective using the label the “best arm” bandit problem (see Audibert & Bubeck
(2010), Kaufmann et al. (2016), Gabillon et al. (2012)).

Section 2.1.10 - The original work on optimal computing budget allocation was developed
by Chun-Hung Chen in Chen (1995), followed by a series of articles (Chen (1996),
Chen et al. (1997), Chen et al. (1998), Chen et al. (2003), Chen et al. (2008)),
leading up to the book Chen & Lee (2011) that provides a thorough overview of this
field. The field has focused primarily on discrete alternatives (e.g. different designs
of a manufacturing system), but has also included work on continuous alternatives
(e.g. Hong & Nelson (2006)). An important recent result by Ryzhov (2016) shows
the asymptotic equivalence of OCBA and expected improvement policies which
maximize the value of information. When the number of alternatives is much larger
(say, 10,000), techniques such as simulated annealing, genetic algorithms and tabu
search (adapted for stochastic environments) have been brought to bear. Swisher et
al. (2000) contains a nice review of this literature. Other reviews include Andradéttir
(1998a), Andradéttir (1998b), Azadivar (1999), Fu (2002), and Kim & Nelson (2007).
The recent review Chau et al. (2014) focuses on gradient-based methods.

The scope of problems and methods studied under the umbrella of “simulation-
optimization” has steadily grown (a pattern similar to other communities in stochastic
optimization). The best evidence of this is Michael Fu’s Handbook of Simulation
Optimization (Fu (2014)) which is a superb reference for many of the tools in this
field.

Section 2.1.11 - Active learning is a field that emerged from within the machine learning
community; parallels the bandit community in that an agent could control (or influ-
ence) the inputs 2" to a learning process that produces observations y”. The field
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emerged primarily in the 1990s (see in particular Cohn et al. (1996) and Cohn et
al. (1994)). The book Settles (2010) provides a nice introduction to the field which
indicates a strong awareness of the parallels between active learning and multiarmed
bandit problems. A recent tutorial is given by Krempl et al. (2016).

Section 2.1.12 - Chance constrained optimization was first introduced by Charnes et al.

(1959), followed by Charnes & Cooper (1963), for handling constraints that involve
uncertainty. It has also been studied as “probabilistic constrained programming”
(Prekopa (1971),Prekopa (2010)) and continues to attract hundreds of papers each
year. Chance-constrained programming is standard in many books on stochastic
optimization (see, for example, Shapiro et al. (2014)).

Section 2.1.13 - This is a subfield of optimal control, but it evolved into a field of its own,

with popular books such as Camacho & Bordons (2003) and thousands of articles
(see Lee (2011) for a 30-year review). As of this writing, there are over 50 review
articles feature modeling predictive control since 2010.

Section 2.1.14 - A thorough review of the field of robust optimization is contained in

Ben-Tal et al. (2009) and Bertsimas et al. (2011), with a more recent review given
in Gabrel et al. (2014). Bertsimas & Sim (2004) studies the price of robustness and
describes a number of important properties. Robust optimization is attracting interest
in a variety of application areas including supply chain management (Bertsimas &
Thiele (2006), Keyvanshokooh et al. (2016)), energy (Zugno & Conejo 2015). and
finance (Fliege & Werner 2014).

EXERCISES

Review questions

2.1 What is meant by the compact form and expanded form of the expectation operator?
Give an illustration of each.

2.2 Write out the objective functions that we would use when maximizing the cumulative
reward or maximizing the final reward.

2.3 Compare the Markov decision process model in section 2.1.3 to the optimal control
model in section 2.1.4 by creating a table showing how each approach models the following:

24

State variables,
decision/control variables,

the transition function (use the version in the optimal control formulation that includes
the randomness wy),

the value of being in a state at time ¢,

how this value can be used to find the best decision given the state x; (otherwise
known as the policy).

From the very brief presentation in this chapter, what is the difference between

approximate dynamic programming, and reinforcement learning (using ()-learning).
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2.5 Write out an optimal stopping problem as an optimal control problem. Would the
optimal policy take the form in equation (2.13)? Justify your answer.

2.6 Does solving the optimization problem in (2.23) produce an optimal policy? Discuss
why or why not.

2.7 In the stochastic programming model in section 2.24, what is meant by “w”? Use the
setting of allocating inventories to warehouses at time 0 (this decision is given by ), after
which we see demands, and then determine which warehouse should satisfy each demand.

2.8 For the multiarmed bandit problem, write out the objective function for finding the
best interval estimation policy.

2.9 Describe in words the decision that is being optimized over using the OCBA algorithm
in simulation optimization. Contrast how OCBA operates (in general terms) compared to
interval estimation for the multiarmed bandit problem.

2.10 'What objective is being optimized in active learning? Could you solve this same
problem using interval estimation?

2.11 What is the core computational challenge that arises in chance constrained pro-
gramming?

2.12 Compare model predictive control to using stochastic programming as a policy.
2.13 Describe in words, using an example, the core idea of robust optimization. Just as

the two stage stochastic program in (2.24) could be written as a policy (as we do in equation
(2.26)) show how robust optimization can also be written as a policy.

2.14 From section 2.3.8, what is the difference between a machine learning problem, and
a sequential decision problem?

Modeling questions

2.15 Provide three examples of:

a) Problems where we would want to maximize the cumulative reward (or minimize
cumulative cost).

b) Problems where we would want to maximize the final reward (or minimize the final
cost).

2.16 Show how to write solve a decision tree (section 2.1.2) as a Markov decision process
(section 2.1.3) using Bellman’s equation (2.7).

2.17 Put the contextual newsvendor problem in section 2.3.1 into the format of the
universal modeling framework in section 2.2. Introduce and define any additional notation
you may need.

2.18 Put the inventory planning problem with forecasts in section 2.3.2 into the format
of the universal modeling framework in section 2.2. Introduce and define any additional
notation you may need.
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2.19 Putthe dynamic shortest path problem in section 2.3.3 into the format of the universal
modeling framework in section 2.2. Introduce and define any additional notation you may
need.

2.20 Put the robust shortest path problem in section 2.3.3 into the format of the universal
modeling framework in section 2.2. Introduce and define any additional notation you may
need.

2.21 Put the nomadic trucker problem in section 2.3.4 into the format of the universal
modeling framework in section 2.2. The state variable S; = (a;, £;) given in the section is
incomplete. What is missing? Introduce and define any additional notation you may need.
[Hint: Carefully review the definition of the state variable given in section 2.2. Now look
at the policy in (2.47), and see if there is any statistic that will be changing over time that
is needed to make a decision (which means it has to go into the state variable).]

2.22  Put the pricing problem in section 2.3.5 into the format of the universal modeling
framework in section 2.2. Introduce and define any additional notation you may need.

2.23  Put the medical decision making problem in section 2.3.6 into the format of the
universal modeling framework in section 2.2. Introduce and define any additional notation
you may need.

2.24  Put the scientific exploration problem in section 2.3.7 into the format of the univer-
sal modeling framework in section 2.2. Introduce and define any additional notation you
may need.

Diary problem

The diary problem is a single problem you chose (see chapter 1 for guidelines). An-
swer the following for your diary problem.

2.25 Which of the canonical problems (you may name more than one) seem to use the
language that best fits your diary problem. Give examples from your diary problem that
seem to fit a particular canonical problem.



Bibliography

Andradéttir, S. (1998a), ‘A review of simulation optimization techniques’, 1998 Winter
Simulation Conference. Proceedings 1(0), 151-158.

Andradéttir, S. (1998b), Simulation Optimimzation, in J. Banks, ed., ‘Handbook of simu-
lation’, John Wiley & Sons, Hoboken, NJ, chapter 9, pp. 307-333.

Astrom, K. J. (1970), Introduction to Stochastic Control Theory, Dover Publications,
Mineola, NY.

Audibert, J.-y. & Bubeck, S. (2010), ‘Best Arm Identification in Multi-Armed Bandits’,
CoLTp. 13 p.

Azadivar, F. (1999), Simulation Optimization Methodologies, in P. Farrington, H. Nemb-
hard, D. Sturrock & G. Evans, eds, ‘Proceedings of the 1999 Winter Simulation Confer-
ence’, IEEE, pp. 93-100.

Azevedo, A. & Paxson, D. (2014), ‘Developing real option game models’, European
Journal of Operational Research 237(3), 909-920.

Bartlett, P. L., Hazan, E. & Rakhlin, A. (2007), ‘Adaptive Online Gradient Descent’,
Advances in neural information processing systems pp. 1-8.

Bellman, R. (1952), ‘On the Theory of Dynamic Programming’, Proceedings of the Na-
tional Academy of Sciences 38(8), 716-719.

Bellman, R. E. (1954), ‘The Theory of Dynamic Programming’, Bull. Amer. Math. Soc.
60, 503-516.

74



BIBLIOGRAPHY 75

Bellman, R. E. (1957), Dynamic Programming, Princeton University Press, Princeton, N.J.

Bellman, R. E. & Dreyfus, S. E. (1959), ‘Functional approximations and dynamic pro-
gramming’, Mathematical Tables and Other Aids to Computation 13, 247-251.

Bellman, R. E., Glicksberg, I. & Gross, O. (1955), ‘On the Optimal Inventory Equation’,
Management Science 1, 83—-104.

Bellman, R., Kalaba, R. & Kotkin, B. (1963), ‘Polynomial approximationl a new com-
putational technique in dynamic programming: Allocation processes’, Mathematics of
Computation 17, 155-161.

Ben-Tal, A., El Ghaoui, L. & Nemirovski, A. (2009), ‘Robust Optimization’, Princeton
University Press 53(3), 464-501.

Bertsekas, D. P. (2017), Dynamic Programming and Optimal Control: Approximate Dy-
namic Programming, 4 edn, Athena Scientific, Belmont, MA.

Bertsekas, D. P. & Shreve, S. E. (1978), Stochastic optimal control: the discrete time case,
Vol. 0, Academic Press.

Bertsekas, D. P. & Tsitsiklis, J. N. (1996), Neuro-Dynamic Programming, Athena Scientific,
Belmont, MA.

Bertsimas, D., lancu, D. A. & Parrilo, P. A. (2011), ‘A hierarchy of near-optimal poli-
cies for multistage adaptive optimization’, IEEE Transactions on Automatic Control
56(12), 2809-2824.

Bertsimas, D. J. & Sim, M. (2004), ‘The Price of Robustness’, Operations Research
52(1), 35-53.

Bertsimas, D. J. & Thiele, A. (2006), ‘A Robust Optimization Approach to Inventory
Theory’, Operations Research 54(1), 150-168.

Birge, J. R. & Louveaux, F. (2011), Introduction to Stochastic Programming, 2nd edn,
Springer, New York.

Blum, J. (1954), ‘Multidimensional stochastic approximation methods’’, Annals of Math-
ematical Statistics 25, 737-74462.

Boomsma, T. K., Meade, N. & Fleten, S. E. (2012), ‘Renewable energy investments under
different support schemes: A real options approach’, European Journal of Operational
Research 220(1), 225-237.

Box, G. E. P. & Wilson, K. B. (1951), ‘On the Experimental Attainment of Optimum
Conditions’, Journal of the Royal Statistical Society Series B 13(1), 1-45.

Bubeck, S. & Cesa-Bianchi, N. (2012), ‘Regret Analysis of Stochastic and Nonstochastic
Multi-armed Bandit Problems’, Foundations and Trends in Machine Learning 5(1), 1—
122.

Busoniu, L., Babuska, R., De Schutter, B. & Ernst, D. (2010), Reinforcement Learning and
Dynamic Programming using Function Approximators, CRC Press, New York.

Camacho, E. & Bordons, C. (2003), Model Predictive Control, Springer, London.



76 BIBLIOGRAPHY

Charnes, A. & Cooper, W. W. (1963), ‘Deterministic Equivalents for Optimizing and
Satisficing Under Chance Constraints’, Operations Research 11, 18-39.

Charnes, A., Cooper, W. W. & Cooper, A. A. (1959), ‘Chance Constrained Programming’,
Management Science S, 73-79.

Chau, M., Fu, M. C,, Qu, H. & Ryzhov, I. O. (2014), Simulation Optimization: A Tutorial
Overview and Recent Developments in Gradient-Based Methods, in A. Tolk, S. Diallo,
I. Ryzhov, L. Yilmaz, S. Buckley & J. Miller, eds, “Winter Simulation Conference’,
Informs, pp. 21-35.

Chen, C. H. (1995), An effective approach to smartly allocate computing budget for
discrete event simulation, in ‘34th IEEE Conference on Decision and Control’, Vol. 34,
New Orleans, LA, pp. 2598-2603.

Chen, C. H. (1996), ‘A lower bound for the correct subset-selection probability and its
application to discrete event system simulations. IEEE Transactions on’, Automatic
Control 41(8), 1227-1231.

Chen, C.-H. & Lee, L. H. (2011), Stochastic Simulation Optimization, World Scientific
Publishing Co., Hackensack, N.J.

Chen, C. H., Donohue, K., Yiicesan, E. & Lin, J. (2003), ‘Optimal computing budget
allocation for Monte Carlo simulation with application to product design’, Simulation
Modelling Practice and Theory 11, 57-74.

Chen, C. H., He, D., Fu, M. C. & Lee, L. H. (2008), ‘Efficient simulation budget allocation
for selecting an optimal subset’, INFORMS Journal on Computing 20(4), 579-595.

Chen, C. H., Yuan, Y., Chen, H. C., Yiicesan, E. & Dai, L. (1998), Computing budget
allocation for simulation experiments with different system structure, in ‘Proceedings of
the 30th conference on Winter simulation’, pp. 735-742.

Chen, H. C., Chen, C. H., Dai, L. & Yucesan, E. (1997), A gradient approach for smartly
allocating computing budget for discrete event simulation, in J. Charnes, D. Morrice,
D. Brunner & J. Swain, eds, ‘Proceedings of the 1996 Winter Simulation Conference’,
IEEE Press, Piscataway, NJ, USA, pp. 398-405.

Chen, V. C. P, Ruppert, D. & Shoemaker, C. A. (1999), ‘Applying experimental design and
regression splines to high-dimensional continuous-state stochastic dynamic program-
ming’, Operations Research 47(1), 38-53.

Cinlar, E. (1975), Introduction to Stochastic Processes, Prentice Hall, Upper Saddle River,
NIJ.

Cinlar, E. (2011), Probability and Stochastics, Springer, New York.

Cohn, D. A., Ghahramani, Z. & Jordan, M. 1. (1996), ‘Active Learning with Statistical
Models’, Learning 4, 129-145.

Cohn, D., Atlas, L. & Ladner, R. (1994), ‘Improving generalization with active learning’,
Machine Learning 5(2201), 221.

DeGroot, M. H. (1970), Optimal Statistical Decisions, John Wiley and Sons.



BIBLIOGRAPHY 77

Denardo, E. V. (1982), Dynamic Programming, Prentice-Hall, Englewood Cliffs, NJ.

Dvoretzky, A. (1956), On Stochastic Approximation, in J. Neyman, ed., ‘Proceedings
3rd Berkeley Symposium on Mathematical Statistics and Probability’, University of
California Press, pp. 39-55.

Ermoliev, Y. (1988), Stochastic Quasigradient Methods, in Y. Ermoliev & R. Wets, eds,
‘Numerical Techniques for Stochastic Optimization’, Springer-Verlag, Berlin.

Feng, Y. & Gallego, G. (1995), ‘Optimal Starting Times for End-of-Season Sales and
Optimal Stopping Times for Promotional Fares’, Management Science 41(8), 1371-
1391.

Fliege, J. & Werner, R. (2014), ‘Robust multiobjective optimization and applications in
portfolio optimization’, European Journal of Operational Research 234(2), 422-433.

Fu, M. C. (2002), ‘Optimization for simulation: Theory vs. practice’, Informs Journal on
Computing 14(3), 192-215.

Fu, M. C. (2014), Handbook of Simulation Optimization, Springer, New York.

Gabillon, V., Ghavamzadeh, M. & Lazaric, A. (2012), ‘Best arm identification: A unified
approach to fixed budget and fixed confidence’, Nips pp. 1-9.

Gabrel, V., Murat, C. & Thiele, A. (2014), ‘Recent advances in robust optimization: An
overview’, European Journal of Operational Research 235(3), 471-483.

Girardeau, P., Leclere, V. & Philpott, A. B. (2014), ‘On the Convergence of Decomposi-
tion Methods for Multistage Stochastic Convex Programs’, Mathematics of Operations
Research 40(1), 130-145.

Gittins, J. (1979), ‘Bandit processes and dynamic allocation indices’, Journal of the Royal
Statistical Society. Series B (Methodological) 41(2), 148-1717.

Gittins, J. (1989), ‘Multi-armed Bandit Allocation Indices’, Wiley and Sons: New York.

Gittins, J. & Jones, D. (1974), A dynamic allocation index for the sequential design
of experiments, in J. Gani, ed., ‘Progress in statistics’, North Holland, Amsterdam,
pp- 241—-266.

Gittins, J., Glazebrook, K. D. & Weber, R. R. (2011), Multi-Armed Bandit Allocation
Indices, John Wiley & Sons, New York.

Hagspiel, V., Huisman, K. J. & Nunes, C. (2015), ‘Optimal technology adoption when the
arrival rate of new technologies changes’, European Journal of Operational Research
243(3), 897-911.

Heyman, D. P. & Sobel, M. (1984), Stochastic Models in Operations Research, Volume I1:
Stochastic Optimization, McGraw Hill, New York.

Higle, J. L. & Sen, S. (1991), ‘Stochastic decomposition: An algorithm for two-stage linear
programs with recourse’, Mathematics of Operations Research 16(3), 650-669.

Hong, J. & Nelson, B. L. (2006), ‘Discrete Optimization via Simulation Using COMPASS’,
Operations Research 54(1), 115-129.



78 BIBLIOGRAPHY

Howard, R. A. (1960), Dynamic programming and Markov processes, MIT Press, Cam-
bridge, MA.

Ivanov, D. & Sokolov, B. (2013), ‘Control and system-theoretic identification of the supply
chain dynamics domain for planning, analysis and adaptation of performance under
uncertainty’, European Journal of Operational Research 224(2), 313-323.

Jaakkola, T., Jordan, M. I. & Singh, S. P. (1994), ‘On the convergence of stochastic iterative
dynamic programming algorithms’, Neural Computation 6(6), 1185-1201.

Judd, K. L. (1998), Numerical Methods in Economics, MIT Press.

Kaelbling, L. P, Littman, M. L. & Moore, A. W. (1996), ‘Reinforcement learning: a
survey’, J. Artif. Intell. Res. 4, 237-285.

Kall, P. & Wallace, S. W. (2009), Stochastic Programming, Vol. 10, John Wiley & Sons,
Hoboken, NJ.

Kaufmann, E., Cappé, O. & Garivier, A. (2016), ‘On the Complexity of Best-Arm Identifi-
cation in Multi-Armed Bandit Models’, Journal of Machine Learning Research 17, 1-42.

Keyvanshokooh, E., Ryan, S. M. & Kabir, E. (2016), ‘Hybrid robust and stochastic op-
timization for closed-loop supply chain network design using accelerated Benders de-
composition’, European Journal of Operational Research 249(1), 76-92.

Kim, S.-H. & Nelson, B. L. (2007), Recent advances in ranking and selection, IEEE Press,
Piscataway, NJ, USA, pp. 162-172.

King, A. J. & Wallace, S. W. (2012), Modeling with Stochastic Programming, Springer
Verlag, New York.

Kirk, D. E. (2012), Optimal Control Theory: An introduction, Dover, New York.

Krempl, G., Lemaire, V., Lughofer, E. & Kottke, D. (2016), ‘Active learning: Applications,
foundations and emerging trends (tutorial)’, CEUR Workshop Proceedings 1707, 1-2.

Kushner, H. J. & Clark, S. (1978), Stochastic Approximation Methods for Constrained and
Unconstrained Systems, Springer-Verlag, New York.

Kushner, H. J. & Kleinman, A. J. (1971), ‘Accelerated Procedures for the Solution of
Discrete Markov Control Problems’, IEEE Transactions on Automatic Control 16, —
2147-152.

Kushner, H. J. & Yin, G. G. (2003), Stochastic Approximation and Recursive Algorithms
and Applications, Springer, New York.

Lai, T. L. & Robbins, H. (1985), ‘Asymptotically Efficient Adaptive Allocation Rules’,
Advances in Applied Mathematics 6, 4-22.

Lee, J. H. (2011), ‘Model predictive control: Review of the three decades of development’,
International Journal of Control, Automation and Systems 9(3), 415-424.

Lewis, F. L. & Vrabie, D. (2012), Design Optimal Adaptive Controllers, 3 edn, John Wiley
& Sons, Hoboken, NJ.



BIBLIOGRAPHY 79

Luo, J., Hong, L. J., Nelson, B. L. & Wu, Y. (2015), ‘Fully Sequential Procedures for
Large-Scale Ranking-and-Selection Problems in Parallel Computing Environments’,
Operations Research 63(5), 1177-1194.

Moustakides, G. V. . (1986), ‘Optimal Stopping Times for Detecting Changes in Distribu-
tions’, Annals of Statistics 14(4), 1379-1387.

Nemhauser, G. L. (1966), Introduction to dynamic programming, John Wiley & Sons, New
York.

Ni, E. C., Henderson, S. G. & Hunter, S. R. (2016), ‘Efficient Ranking and Selection in
Parallel Computing Environments’, Operations Research 65(3), 821-836.

Nisio, M. (2014), Stochastic Control Theory: Dynamic Programming Principle, Springer,
New York.

Pereira, M. F. & Pinto, L. M. V. G. (1991), ‘Multi-stage stochastic optimization applied to
energy planning’, Mathematical Programming 52, 359-375.

Pflug, G. (1988), Stepsize rules, stopping times and their implementation in stochastic quasi-
gradient algorithms, in ‘Numerical Techniques for Stochastic Optimization’, Springer-
Verlag, New York, pp. 353-372.

Philpott, A. B., De Matos, V. & Finardi, E. (2013), ‘On Solving Multistage Stochastic
Programs with Coherent Risk Measures’, Operations Research 51(4), 957-970.

Powell, W. B. (2007), ‘Approximate Dynamic Programming: Solving the curses of dimen-
sionality’.

Powell, W. B. (2011), Approximate Dynamic Programming: Solving the Curses of Dimen-
sionality, 2 edn, John Wiley & Sons.

Prekopa, A. (1971), On Probabilistic Constrained Programming, in ‘Proceedings of the
Princeton Symposium on Mathematical Programming’, Princeton University Press,
Princeton NJ, pp. 113-123.

Prekopa, A. (2010), Stochastic Programming, Kluwer Academic Publishers, Dordrecht,
The Netherlands.

Protopappa-Sieke, M. & Seifert, R. W. (2010), ‘Interrelating operational and financial
performance measurements in inventory control’, European Journal of Operational
Research 204(3), 439-448.

Puterman, M. L. (2005), Markov Decision Processes, 2nd edn, John Wiley and Sons,
Hoboken, NIJ.

Qu, H., Ryzhov, I. O. & Fu, M. C. (2012), Ranking and selection with unknown correlation
structures, in A. U. C. Laroque, J. Himmelspach, R. Pasupathy, O. Rose, ed., ‘Proceedings
- Winter Simulation Conference’, number 1995.

Ramirez-Nafarrate, A., Baykal Hafizoglu, A., Gel, E. S. & Fowler, J. W. (2014), ‘Optimal
control policies for ambulance diversion’, European Journal of Operational Research
236(1), 298-312.



80 BIBLIOGRAPHY

Robbins, H. & Monro, S. (1951), ‘A stochastic approximation method’, The Annals of
Mathematical Statistics 22(3), 400-407.

Ryzhov, 1. O. (2016), ‘On the Convergence Rates of Expected Improvement Methods’,
Operations Research 64(6), 1515-1528.

Sethi, S. P. (2019), Optimal Control Theory: Applications to Management Science and
Economics, 3 edn, Springer-Verlag, Boston.

Settles, B. (2010), ‘Active Learning’, Sciences-New York.

Shapiro, A. (2011), ‘Analysis of stochastic dual dynamic programming method’, European
Journal of Operational Research 209(1), 63-72.

Shapiro, A. & Wardi, Y. (1996), ‘Convergence Analysis of Stochastic Algorithms’, Math-
ematics of Operations Research 21, 615-628.

Shapiro, A., Dentcheva, D. & Ruszczyniski, A. (2014), Lectures on Stochastic Program-
ming: Modeling and theory, 2 edn, STAM, Philadelphia.

Shapiro, A., Tekaya, W., Da Costa, J. P. & Soares, M. P. (2013), ‘Risk neutral and risk averse
Stochastic Dual Dynamic Programming method’, European Journal of Operational
Research 224(2), 375-391.

Shiryaev, A. N. (1978), Optimal Stopping Rules, Springer, Moscow.

Shor, N. K. (1979), The Methods of Nondifferentiable Op[timization and their Applications,
Naukova Dumka, Kiev.

Si, J., Barto, A. G., Powell, W. B. & Wunsch, D. (2004), Handbook of learning and
approximate dynamic programming.

Skinner, D. C. (1999), Introduction to Decision Analysis, Probabilistic Publishing,
Gainesville, FI.

Sontag, E. (1998), ‘Mathematical Control Theory, 2nd ed.’, Springer pp. 1-544.

Spall, J. C. (2003), Introduction to Stochastic Search and Optimization: Estimation, simu-
lation and control, John Wiley & Sons, Hoboken, NJ.

Stengel, R. F. (1986), Stochastic optimal control: theory and application, John Wiley &
Sons, Hoboken, NJ.

Sutton, R. S. & Barto, A. G. (2018), Reinforcement Learning: An Introduction, 2nd edn,
MIT Press, Cambridge, MA.

Swisher, J. R., Hyden, P. D. & Schruben, L. W. (2000), ‘A survey of simulation optimization
techniques and procedures - Simulation Conference Proceedings, 2000. Winter’, pp. 119—
128.

Szepesviri, C. (2010), ‘Algorithms for Reinforcement Learning’, Synthesis Lectures on
Artificial Intelligence and Machine Learning 4(1), 1-103.

Tsitsiklis, J. N. (1994), ‘Asynchronous Stochastic Approximation and Q-Learning’, Ma-
chine Learning 16, 185-202.



BIBLIOGRAPHY 81

Van Slyke, R. M. & Wets, R. J.-B. (1969), ‘L-shaped linear programs with applications
to optimal control and stochastic programming’, SIAM Journal of Applied Mathematics
17, 638-663.

Werbos, P. J. (1974), Beyond regression: new tools for prediction and analysis in the
behavioral sciences, PhD thesis, Harvard University.

Werbos, P. J. (1989), Backpropagation and neurocontrol: A review and prospectus, in
‘IJCNN, International Joint Conference on Neural Networks’, pp. 209—-216.

Werbos, P. J. (1990), ‘Backpropagation Through Time: What It Does and How to Do It’,
Proceedings of the IEEE 78(10), 1550-1560.

Werbos, P. J. (1992), Approximate Dynamic Programming for Real-Time Control and
Neural Modelling, in D. J. White & D. A. Sofge, eds, ‘Handbook of Intelligent Control:
Neural, Fuzzy, and Adaptive Approaches’.

Werbos, P. J. (1994), The Roots of Backpropagation: From Ordered Derivatives to Neural
Networks and Political Forecasting, John Wiley & Sons, New York.

White, D. & Sofge, D. (1992), Handbook of intelligent control: Neural, fuzzy, and adaptive
approaches, Van Nostrand Reinhold Company, New York.

Wolfowitz, J. (1952), ‘On the stochastic approximation method of Robbins and Monro’,
Annals Math. Stat. 23, 457-461.

Yong, J. & Zhou, X. Y. (1999), Stochastic Controls: Hamiltonian Systems and HJB
Equations, Springer, New York.

Yu, M., Takahashi, S., Inoue, H. & Wang, S. (2010), ‘Dynamic portfolio optimization with
risk control for absolute deviation model’, European Journal of Operational Research
201(2), 349-364.

Zugno, M. & Conejo, A. J. (2015), ‘A robust optimization approach to energy and reserve
dispatch in electricity markets’, European Journal of Operational Research 247(2), 659—
671.



	RLSO-Chapter0FrontCover-Sept32021.pdf
	RLSO-Chapter2-Sept32021.pdf

