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CHAPTER 17

FORWARD ADP II: POLICY OPTIMIZATION

We are now ready to tackle the problem of searching for good policies while simultaneously
trying to produce good value function approximations. The guiding principle in this chapter
is that we can find good policies if we can find good value function approximations. The
problem is that finding good value function approximations requires that we be simulating
“good” policies (using the methods of chapter 16). It is the interaction between the two
that creates all the complications.

The algorithmic strategies presented in this chapter are all based on algorithms we first
presented in chapter 14, with two notable exceptions:

e We never take expectations - Random variables are always handled through either
Monte Carlo simulation, historical trajectories, or direct field observations.

e We use machine learning to approximate functions - This means we have to deal
with estimation errors due to noise, errors due to biased observations, and structural
errors from the chosen approximating architecture.

The statistical tools presented in chapter 3 focused on finding the best statistical fit of a
function that we can only observe with noise, but where we assumed that the observations
are unbiased. In chapter 16, we saw that the sampled estimate 0;" of the value of being in
state S;* could be biased for several reasons:

e If we are using approximate value iteration, the value functions have to steadily
accumulate downstream values (recall the slow convergence illustrated in table 16.1).
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718 FORWARD ADP II: POLICY OPTIMIZATION

e The sampled ;' might depend on downstream value function approximations, which
might produce structural biases (e.g. if we use a linear approximation of a nonlinear
function).

e 07" depends on the policies that are being used to make decisions in the future which in
turn depend on value function approximations which are a) incorrect and b) changing
over the iterations.

In all three cases, our observations of ¢;* are biased, but in a way that is also changing over
iterations as we search for better policies.
When we write our generic optimization problem

T
mng{Z’th(St,Xf(St)ﬂSo} , (17.1)

t=0

the maximization over policies can mean choosing one of the approximation strategies for
V¢(S;) from chapter 3, and choosing the parameters that control the approximation. A
useful way to express this search is to let f € F be the set of architectures (functions), and
let & € ©/ be any tunable parameters for functions in class f, which means our policy 7 is
an element of (f € F,6 € ©7). Our search over policies is then the same as

(S, X Sop -
e {Zv  XF ()] }

For example, we might be choosing between a myopic policy, or perhaps a simple linear
architecture with one basis function

Vi(Se) = 0 + 015, (17.2)
or perhaps a linear architecture with two basis functions,
Vi(St) = 0 + 015, + 6,S%. (17.3)

We might even use a nonlinear architecture such as

efo+01S
Vi(Se) = 1 + efot615°
We can try estimating value functions with each of these architectures (which still requires
searching for 6 for each function class), and then compare the performance of the resulting
policies using the objective function in (17.1), which is how we would actually perform the
search over function classes (admittedly this is ad hoc).

We begin our presentation with an overview of the basic algorithmic strategies that we
cover in this chapter.

17.1 OVERVIEW OF ALGORITHMIC STRATEGIES

The algorithmic strategies that we examine in this chapter are based on the principles of
value iteration and policy iteration, first introduced in chapter 14. We continue to adapt our
algorithms to finite and infinite horizons.
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Basic value iteration for finite horizon problems work by solving

Vi(S1) = max (C (S, 20) + YB{Viy1 (Se41)[ 81, 21 }). (17.4)

Equation (17.4) works by stepping backward in time, where V;(S;) is computed for each
(presumably discrete) state S;. This is classical “backward” dynamic programming which
suffers from the well known curse of dimensionality, because we typically are unable to
“loop over all the states.”

Approximate dynamic programming approaches finite horizon problems by solving
problems of the form

—z,n—1

o = max (C(S7 ) +AViyy (SM (8P, 21)). (17.5)

Here, we have formed the value function approximation around the post-decision state. We
execute the equations by stepping forward in time which creates a natural state sampling
procedure known in the reinforcement literature as trajectory following. If x} is the decision
that optimizes (17.5), then we compute our next state using S7, ; = SM(Sp, 27, W[ |)
where W" ; is sampled from some distribution. The process runs until we reach the end
of our horizon, at which point we return to the beginning of the horizon and repeat the
process.

Classical value iteration for infinite horizon problems is centered on the basic iteration

V"(S) = max (C(S,z) +vE{V"1(5")|S}). (17.6)

Again, equation (17.6) has to be executed for each state S. After each iteration, the new
estimate V™ replaces the old estimate V! on the right, after which n is incremented.

When we use approximate methods, we might observe an estimate of the value of being
in a state using

8" = max (C(S", ) + AT SME (ST 2. (17.7)
We then use the observed state-value pair (S™,0") to update the value function approxi-
mation using whatever architecture we have chosen.

Using 9™ to update the value function approximation can introduce a significant level of
noise, that is then translated to the behavior of the policy producing unpredictable effects
(this is well known to experimentalists in the ADP community). One strategy for mitigating
this noise is to imbed a policy approximation loop within an outer loop where policies are
updated. Assume we fix our policy using

X™7(S) = argmax (C(S,2) + AT ST (S, 1)), (17.8)

xTE

Now perform the loop overm =1,..., M

e — mea}(( (C(Snm’ fE) + ,YVQT,H—I(SM@(Sn,m’ .’E)))

. |
where §nthm — GM(gn.m gnm yyntlmy - Note that the value function V"' (s)

remains constant within this inner loop. After executing this loop, we take the series of
A . —z,n-1 .=,
observations 9™, ..., "™ and use them to update V""" (s) to obtain V""" (s).
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Typically, V" (s) does not depend on V""" (s), other than to influence the calculation
of o™™. If M is large enough, Vx’n(s) will represent an accurate approximation of the
value of being in state s while following the policy in equation (17.8). In fact, it is
specifically because of this ability to approximate a policy that approximate policy iteration
is emerging as a powerful algorithmic strategy for approximate dynamic programming.
However, the cost of using the inner policy evaluation loop can be significant, and for this
reason approximate value iteration and its variants remain popular.

Repeated evaluations of a policy helps reduce the noise, but does not eliminate the errors
in the approximation itself, possibly due to the choice of architecture, or possibly due to the
reality that our observations ™ are based on approximations which means that our policy
is suboptimal, biasing the estimates ©™. In other words, there is a lot going on that distorts
the trajectory of the algorithm.

The remainder of the chapter is organized around covering the following strategies:

Approximate value iteration - These are policies that iteratively update the value function
approximation, and then immediately update the policy (by using the updated value
function approximation). We strive to find a value function approximation that
estimates the value of being in each state while following a (near) optimal policy,
but only in the limit. We intermingle the treatment of finite and infinite horizon
problems. Variations include:

e Lookup table representations - Here we introduce three major strategies that
reflect the use of the pre-decision state, state-decision pairs, and the post-
decision state:

— AVI for pre-decision state - Approximate value iteration using the classical
pre-decision state variable.

— -learning - Estimating the value of state-decision pairs.

— AVI for the post-decision state - Approximate value iteration where value
function approximations are approximated around the post-decision state.

e Parametric architectures - We summarize some of the extensive literature which
depends on linear models (basis functions), and touch on nonlinear models.

Approximate policy iteration - These are policies that attempt to explicitly approximate
the value of a policy to some level of accuracy within an inner loop, within which
the policy is held fixed.

o API using lookup tables - We use this setting to present the basic idea.

e API using linear models - This strategy continues to attract attention because
of its simplicity.

e API using nonparametric models - Nonparametric models offer significantly
greater flexibility, but the price is that they are less stable (they can respond much
more quickly to random variations) and require considerably more observations.

The linear programming method - The linear programming method, first introduced in
chapter 14, can be adapted to exploit value function approximations.
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17.2 APPROXIMATE VALUE ITERATION AND Q-LEARNING USING
LOOKUP TABLES

Arguably the most natural and elementary approach for approximate dynamic programming
uses approximate value iteration. In this section we explore the following topics related to
this important algorithmic strategy:

e Value iteration using a pre-decision state variable.
e ()-learning.
e Value iteration using a post-decision state variable.

e Value iteration using a backward pass.

17.2.1 Value iteration using a pre-decision state variable

Classical value iteration (for a finite-horizon problem) estimates the value of being in a
specific state .S}
@ZL = H;aX (C(Sgl,(ﬂt) +’YE{V2+1(S}+1)|S?}), (179)
t
where Sy 1 = SM (S, zy, W/,), and S" is the state that we are in at time ¢, iteration n.
We assume that we are following a sample path w”, where we compute W/, | = W1 (w™).
After computing 07, we update the value functlon using the standard equation

VESE) = (1= an )V, (SP) + an1d]" (17.10)

If we sample states at random (rather than following the trajectory) and repeat equations
(17.9) and (17.10), we will eventually converge to the correct value of being in each state.
Note that we are assuming a finite-horizon model, and that we can compute the expectation
exactly. When we can compute the expectation exactly, this is very close to classical value
iteration, with the only exception that we are not looping over all the states at every iteration.
One reason to use the pre-decision state variable is that for some problems, computing
the expectation is easy. For example, W, might be a binomial random variable (did a
customer arrive, did a component fail) which makes the expectation especially easy. If this
is not the case, then we have to approximate the expectation. For example, we might use

of =max | C(S},2¢) + > p@) Wi (SM(SP, 20, Wiga (@) | (17.11)
) oeQm

Either way, using a lookup table representation we can update the value of being in state
S} using

TFN—

V?(S;n) = (1 - Qp— 1)V 1(»9?) + Oln_l’f}:l.

Keep in mind that if we can compute an expectation (or if we approximate it using a
large sample (), then the stepsize should be much larger than when we are using a single
sample realization (as we did with the post-decision formulation). An outline of the overall
algorithm is given in figure 17.1.

At this point a reasonable question to ask is: Does this algorithm work? The answer

. possibly, but not in general. Before we get an algorithm that will work (at least in
theory), we need to deal with what is known as the exploration-exploitation problem, which
we address in section 17.5.
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Step 0. Initialization:
Step 0a. Initialize V', ¢ € 7.
Step Ob. Setn = 1.
Step Oc. Initialize S°.
Step 1. Sample w™.
Step 2. Dofort =0,1,...,T:
Step 2a: Choose Qm C Q and solve:
o = max (CUSTThe) 7 3 P @V (M (S) T an W (@)
weQn
and let =" be the value of x¢ that solves the maximization problem.
Step 2b: Compute:
St = SM (ST e, Wi (w™)).
Step 2¢. Update the value function:

—n—1

VIL — UV(Vt 7537{]?)
Step 3. Increment n. If n < N, go to Step 1.

Step 4. Return the value functions (V7 )7_; .

Figure 17.1 Approximate dynamic programming using a pre-decision state variable.

17.2.2 (Q-learning

One of the earliest and most widely studied algorithms in the reinforcement learning
literature is known as -learning. The name is derived simply from the notation used in
the algorithm, and appears to have initiated the tradition of naming algorithms after the
notation.

To motivate ()-learning, return for the moment to the classical way of making decisions
using dynamic programming. Normally we would want to solve

I’? = arg maxn (Ct<Stn,QS‘t) + "YIE {V:L_:ll (St_t,_l(Stn,’It, Wt+1)) ‘S?,$t}) (1712)

T E€X]

Solving equation (17.12) can be problematic for two different reasons. The first is that
we may not be able to compute the expectation because it is computationally too complex
(the second curse of dimensionality). The second is that we may simply not have the
information we need to compute the expectation. This might happen if a) we do not know
the probability distribution of the random information or b) we may not know the transition
function. In either of these cases, we say that we do not “know the model” and we need to
use a “model-free” formulation.

When we can compute the expectation, which means we have the transition function and
we know the probability distribution, then we are using what is known as a “model-based”
formulation. Many authors equate “model-based” with knowing the one-step transition
matrix, but this ignores the many problems where we know the transition function, we
know the probability law for the exogenous information, but we simply cannot compute
the transition function either because the state space is too large (or continuous), or the
exogenous information is multidimensional.



APPROXIMATE VALUE ITERATION AND Q-LEARNING USING LOOKUP TABLES 723

Earlier, we circumvented this problem by approximating the expectation by using a
subset of outcomes (see equation (17.11)), but this can be computationally clumsy for
many problems. One thought is to solve the problem for a single sample realization

w = arg max (Cu(S7,a0) + W (Sia1 (SP, 20, Wiy (™). (17.13)
The problem is that this means we are choosing x; for a particular realization of the future
information W1 (w™). If we use the same sample realization of W, (w™) to make the
decision that will actually happen (when we step forward in time), then this is what is
known as cheating (peeking into the future), which can seriously distort the behavior of
the system. If we use a single sample realization for W;;(w) that is different than the
one we use when we simulate forward, then this is simply unlikely to produce good results
(imagine computing averages based on a single observation).

What if we instead choose the decision z first, then observe W} ; (so we are not using
this information when we choose our decision) and then compute the cost? Let the resulting
cost be computed using

G (Sp, 1) = C (S, 1) + AVt (SM(SP, w0, Wigr (@) (17.14)
We could now smooth these values to obtain
QF (S, ) = (1 = an—1)QY (ST, ) + an—1G7' (S, ).
Not surprisingly, we can compute the value of being in a state from the (Q-factors using
V(S = max Q7 (S, ). (17.15)
If we combine (17.15) and (17.14), we obtain

G = C(Sp, ) + ymax Q" (Syi1, Te41),
Tt41

where Sy 1 = SM(SP, x4, W1 (w™)) is the next state resulting from the decision ; and
the sampled information W1 (w™).

The functions Q¢(S;, x;) are known as Q-factors and they capture the value of being in
a state and taking a particular decision. Recall from section 9.4.5 that a state-decision pair
(St, x+) is a form of post-decision state, although it is typically the least-compact form for
representing a post-decision state.

We can now choose a decision by solving

o = arg max QP H(SP, xy). (17.16)
T EX]

Note that once we know the @Q-factors, we can choose a decision without knowing
anything else, which is one reason why (-learning is often described as a method for
problems where we can observe a process (such as doctors making decisions) and learn
decisions without having a transition function or a model for rewards or uncertainties (also
known as model-free dynamic programming).

The complete algorithm is summarized in figure 17.2.

A variation of -learning is known as “Sarsa” which stands for “state, action, reward,
state, action” (the computer science community has a culture of naming its algorithms
around its notation). Imagine that we start in a state s and make decision x. After this,
we observe a reward r and the next state s’. Finally, use some policy to choose the next
decision z’. This sequence forms “sarsa.”
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Step 0. Initialization:

Step 0a. Initialize an approximation for the value function Q9 (S, ) for all states Sy and decisions
xy € X, t =40,1,...,T}.

Step Ob. Setn = 1.
Step Oc. Initialize SJ.

Step 1. Choose a sample path w™.
Step 2. Dofort=0,1,...,T:

Step 2a: Determine the decision using e-greedy. With probability €, choose a decision ™ at
random from X'. With probability 1 — €, choose a™ using

n An—1/gqn
= S, .
zf arg max Q" (87", @)
Step 2b. Sample W/, | = W41 (w™) and compute the next state S3', | = SM(Sp an, W)
Step 2¢. Compute

A An—1
qtn = C(Stn’%?) + max Q?+1 (S?+1?$t+1)-
Tip1€Xpq1

Step 2d. Update Q7' and V' - using:
Qr (St ay) = (1—an-1)Q7 (S a2}) + an—1d7
Step 3. Increment n. If n < N go to Step 1.
Step 4. Return the Q-factors (Q7)T_,.

Figure 17.2 A ()-learning algorithm.

17.2.3 Value iteration using a post-decision state variable

For the many applications that lend themselves to a compact post-decision state variable,
it is possible to adapt approximate value iteration to value functions estimated around the
post-decision state variable. At the heart of the algorithm we choose decisions (and estimate
the value of being in state S}*) using

~ —n—1 M
0 = arg max (C(St", x) + 4V, (SME(SE, xt)))
T EX:

The distinguishing feature when we use the post-decision state variable is that the maxi-
mization problem is now deterministic. The key step is how we update the value function
approximation. Instead of using 07" to update a pre-decision value function approximation
—n—1 N .. . . .
V' (S7), we use 03 to update a post-decision value function approximation around the
previous post-decision state S;']. This is done using

Evald T,mn =1, qz,n ~m
thl( tfl) = (1 - anfl)vtfl ( t,1) + Q10 -

The post-decision state not only allows us to solve deterministic optimization problems,
there are many applications where the post-decision state has either the same dimensionality
as the pre-decision state, or, for some applications, a much lower dimensionality.

A complete summary of the algorithm is given in figure 17.3.

Q-learning shares certain similarities with dynamic programming using a post-decision
value function. In particular, both require the solution of a deterministic optimization
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Step 0. Initialization:
Step 0a. Initialize an approximation for the value function V?(Sff ) for all post-decision states S¥,
t={0,1,...,T}.
Step Ob. Setn = 1.
Step Oc. Initialize Sg’l.
Step 1. Choose a sample path w™.
Step 2. Dofort=0,1,...,7":

Step 2a: Determine the decision using e-greedy. With probability €, choose a decision =™ at
random from X'. With probability 1 — €, choose a™ using

9 = arg max (C(S?,xt)+’yV?71(SM’I(S{l,xt))).

Tt EXg
Let x}* be the decision that solves the maximization problem.
Step 2b. Update V?:ll using:
Visi(SE) = (= an-)Vi5 (SE) + ano19}
Step 2c. Sample W/, | = W41 (w™) and compute the next state S}, | = SM(Sp 2, W),
Step 3. Increment n. If n < N go to Step 1.

Step 4. Return the value functions (V?)?:l

Figure 17.3  Approximate value iteration for finite horizon problems using the post-decision state
variable.

problem to make a decision. However, Q-learning accomplishes this goal by creating a
post-decision state given by the state/decision pair (S, x) (we first introduced this form of
post-decision state in section 9.4.5). We then have to learn the value of being in (S, ), rather
than the value of being in state S alone (which is already very hard for most problems).

If we compute the value function approximation Vn(S”’) around the post-decision state
S¢ = SMz(S 1), we can create Q-factors directly from the contribution function and the
post-decision value function using

Q"(S,z) = C(S,x) + 7V, (SM* (8, 2)).

Viewed this way, approximate value iteration using value functions estimated around a
post-decision state variable is equivalent to ()-learning. However, if the post-decision state
is compact, then estimating V' (S*) is much easier than estimating Q(S, ).

17.2.4 Value iteration using a backward pass

Classical approximate value iteration, which is equivalent to temporal difference learning
with A = 0 (also known as TD(0)), can be implemented using a pure forward pass, which
enhances its simplicity. However, there are problems where it is useful to simulate decisions
moving forward in time, and then updating value functions moving backward in time. This
is also known as temporal difference learning with A = 1, but we find “backward pass” to
be more descriptive. The algorithm is depicted in figure 17.4.

In this algorithm, we step forward through time creating a trajectory of states, decisions,
and outcomes. We then step backwards through time, updating the value of being in a state
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Step 0. Initialization:

Step 0a. Initialize V', ¢ € 7.

Step Ob. Initialize Sé.

Step Oc. Choose an initial policy X ™0,
Step 0d. Setn = 1.

Step 1. Choose a sample path w.
Step 2: Dofort=0,1,2,...,7":
Step 2a: Find

Step 2b: Update the state variable
Ster = SM(SEal Wi (™).
Step 3: Setﬁ’%+1 =0anddofort=T,T7—1,...,1:
Step 3a: Update ;" using
o= C(ST,al) + 0.

Step 3b: Update the value function approximation V? using

VUVt sem an).
Step 3c. Update the policy

X7(8) = argmax (C(S7, @) + 9V (SM7 (57, 2))

Step 4. Increment n. If n < N go to Step 1.

Step 5. Return the value functions (Vﬁv)tT:l.

Figure 17.4 Double-pass version of the approximate dynamic programming algorithm for a finite
horizon problem.

using information from the same trajectory in the future. We are going to use this algorithm
to also illustrate ADP for a time-dependent, finite horizon problem. In addition, we are
going to illustrate a form of policy evaluation. Pay careful attention to how variables are
indexed.

The idea of stepping backward through time to produce an estimate of the value of
being in a state was first introduced in the control theory community under the name of
backpropagation through time (BTT). The result of our backward pass is 0;', which is
the contribution from the sample path w” and a particular policy. Our policy is, quite

literally, the set of decisions produced by the value function approximation V", Unlike

our forward-pass algorithm (where ¢;* depends on the approximation Vll_l (S7)), 07 is a

valid, unbiased estimate of the value of being in state S}* at time ¢ and following the policy

produced by V"'

We introduce an inner loop so that rather than updating the value function approximation
with a single 0, we average across a set of samples to create a more stable estimate, 7.

These two strategies are easily illustrated using our simple asset selling problem. For
this illustration, we are going to slightly simplify the model we provided earlier, where we
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t=20 t=1 t=2 t=3
Iteration O —1 Vo 01 ﬁ1 T1 U1 V2 ]32 T2 V2 3 f)3 xs3 V3
0 0 0
1 30 30 30 1 34 34 34 1 31 31 31 1

0.50 31 32 24 0 315 29 21 0O 295 30 30 1
0.3 323 3 35 1 302 275 24 0O 307 33 33 1

W= O
S o oo

Table 17.1 Illustration of a single-pass algorithm

assumed that the change in price, p;, was the exogenous information. If we use this model,
we have to retain the price p; in our state variable (even the post-decision state variable).
For our illustration, we are going to assume that the exogenous information is the price
itself, so that p; = p;. We further assume that p; is independent of all previous prices (a
pretty strong assumption). For this model, the pre-decision state is S; = (R, p;) while
the post-decision state variable is simply S;’ = R} = R; — x4 which indicates whether we
are holding the asset or not. Further, S;4; = S¥ since the resource transition function is
deterministic.

With this model, a single-pass algorithm (approximate value iteration) is performed by
stepping forward through time, t = 1,2, ..., 7. At time ¢, we first sample p; and we find

o7 = max  (pPzy+ (1 — ) (—cr +0771)). (17.17)
z,€{0,1}
Assume that the holding cost ¢; = 2 for all time periods.

Table 17.1 illustrates three iterations of a single-pass algorithm for a three-period prob-
lem. We initialize 9 = 0 for t = 0, 1,2, 3. Our first decision is z; after we see p;. The
first column shows the iteration counter, while the second shows the stepsize «,,—1 = 1/n.
For the first iteration, we always choose to sell because 99 = 0, which means that 9} = p;.
Since our stepsize is 1.0, this produces ©;_; = p; for each time period.

In the second iteration, our first decision problem is

0 = max{p{,—c1 + 01}
= max{24, -2+ 34}
— 32

which means 27 = 0 (since we are holding). We then use 97 to update ¥2 using

173 = (1 — aﬁ@é + Oélf}%
= (0.5)30.0 + (0.5)32.0
= 31.0.

Repeating this logic, we hold again for ¢ = 2 but we always sell at ¢ = 3 since this is the
last time period. In the third pass, we again sell in the first time period, but hold for the
second time period.

It is important to realize that this problem is quite simple, and we do not have to deal
with exploration issues. If we sell, we are no longer holding the asset and the forward
pass should stop (more precisely, we should continue to simulate the process given that
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t=20 t=1 t=2 t=3
Iteration Pass o 01 P11 T 1 Uy P2 x2 V2 V3 P33 T3 Vs
0 0 0 0 0
1 Forward — — 30 1 — — 34 1 - — 31 1
1 Back 30 30 +— <+ 34 34 ¢+ <« 31 31 <+ <« 0
2 Forward — — 24 0 — — 21 0 — 27 1
2 Back 265 23 + «+ 295 25 «— 29 27 + <+ 0

Table 17.2 Illustration of a double-pass algorithm

we have sold the asset). Instead, even if we sell the asset, we step forward in time and
continue to evaluate the state that we are holding the asset (the value of the state where we
are not holding the asset is, of course, zero). Normally, we evaluate only the states that we
transition to (see step 2b), but for this problem, we are actually visiting all the states (since
there is, in fact, only one state that we really need to evaluate).

Now consider a double-pass algorithm. Table 17.2 illustrates the forward pass, followed
by the backward pass, where for simplicity we are going to use only a single inner iteration
(M = 1). Each line of the table only shows the numbers determined during the forward or
backward pass. In the first pass, we always sell (since the value of the future is zero), which
means that at each time period the value of holding the asset is the price in that period.

In the second pass, it is optimal to hold for two periods until we sell in the last period.
The value 97 for each time period is the contribution of the rest of the trajectory which, in
this case, is the price we receive in the last time period. So, since a; = ao = 0 followed
by a3 = 1, the value of holding the asset at time 3 is the $27 price we receive for selling in
that time period. The value of holding the asset at time ¢ = 2 is the holding cost of -2 plus
93, giving 93 = —2 + 92 = —2 + 27 = 25. Similarly, holding the asset at time 1 means
02 = =2+ 93 = —2 + 25 = 23. The smoothing of o} with ©}""}! to produce o} ; is the
same as for the single pass algorithm.

The value of implementing the double-pass algorithm depends on the problem. For
example, imagine that our asset is an expensive piece of replacement equipment for a
jet aircraft. We hold the part in inventory until it is needed, which could literally be
years for certain parts. This means there could be hundreds of time periods (if each time
period is a day) where we are holding the part. Estimating the value of the part now
(which would determine whether we order the part to hold in inventory) using a single-pass
algorithm could produce extremely slow convergence. A double-pass algorithm would
work dramatically better. But if the part is used frequently, staying in inventory for only a
few days, then the single-pass algorithm will work fine.

17.3 STYLES OF LEARNING

At this point it is useful to pause and discuss the different styles in which we can use the
ideas from section 17.2 and chapter 16. In this section, we contrast three settings in which
we might apply these ideas:

e The basic offline learning problem that we have been solving up to now using a
simulator to train value functions.
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e An online learning problem that would arise if we were optimizing a system while it
operates in the field.

e An approximate lookahead policy where we apply these methods purely to make a
decision x; at time t.

17.3.1 Offline learning

The algorithms presented in chapter 16 and section 17.2 are written in the context of running
a simulator to approximate the expectation

T
FT =R C(S;, X" (S)), (17.18)

t=0

where, if we are simulating a sample path w”, we would write the results of a single
simulation as

T
Fr () = 37 C(Siw™), X7 (Su(w™),

t=0

where our transitions evolve according to
Ser1 (W) = SM(Sp(w™), X7 (Se(w™)), Wi (™))

for a sequence of exogenous inputs (W1 (w™), ..., Wr(w)). We have been using this base
model (where we use “base model” as it was introduced in chapter 9) with a policy

—z,n—1

X7 (i) = arg max (C(Se,2)+ V" (57)), (17.19)

where S} is our post-decision state, and Vf’n_l (S7) is our post-decision value function
approximation learned after n — 1 updates. We may use TD(0), TD(1) or the general TD(\)
updates for using a sampled estimate 0;* to udpate V$7n71(5’t) to obtain V" (S;) using
any approximation architecture. The ultimate goal is to solve the problem

max F'™
T

using specific classes of value function approximations (assume we are restricting ourselves
to VFA-based policies).

This whole approach assumes we are doing offline learning in a simulator, where we
assume we have access to the transition function Sy, = SM(S;, x,, Wy41) and a way
of sampling (W7, ..., Wr). We use this setting to do repeated training iterations, and it
is particularly important when we use TD(A) for A > 0 since this requires the backward
communication of updates described in section 16.1.4 (see in particular equation (16.13)).

We remind the reader not to confuse offline learning with off policy learning. Offline
learning means we are (typically) learning in a simulator where we do not care how well
we are doing, while we are learning the value functions. We just care how well our final
policy works after we have estimated our value functions.
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17.3.2 From offline to online

Now imagine that we are trying to design our VFA-based policy without a simulator.
Instead, we have an actual physical system we are trying to learn from and control. In this
setting, we are no longer going to depend on knowing the transition function or observing
the exogenous information W;; instead we are simply going to make a decision x; and
then observe the next state Sy, (classic model-free dynamic programming). Although
not critical for this discussion, we can assume that decisions are being made with our
VFA-based policy that is being updated as we go, but how are these updates happening?

First, it does not make sense to be learning a time-dependent policy X[ (S;) since
once we pass time ¢, we are no longer interested in X7 (S;). So let’s start by assuming
that we are going to estimate a stationary policy X7 (S;) and a stationary value function
approximation VGE’H(S,:). Remember that in our offline setting, n counted how many times
we had simulated our process Wi, ..., Wr. We see that in our online setting, n = ¢
because we update our value function approximation (which we label with n) once per time
period (indexed by t).

Next, we can certainly apply classical 7D (0) updates as we step forward, and this can
work perfectly well for some problem classes. If this is the case, then we can step forward

. | .
from state S, execute action z; = X7 (S;) using V""", We then get our updated estimate

of the value of being in state S; given by 0;', which we use to update our value function

. . . we,n—1
approximation to obtain |72

While TD(0) works very well in some problem classes, there are many problems where
TD(M), possibly using A = 1, can work much better. If you need any convincing, flip back
to table 16.1 and the discussion around those calculations to remind yourself how slow
TD(0) can be. So we have to ask, if we transition to online learning, have we lost this
powerful algorithmic strategy?

Fortunately, the answer is no, but we have to do some extra work. As we progress
forward in time, we need to retain at least some history of states Sy, decisions x4/, states
Sy (or, for our illustration, post-decision states S3;), and contributions ¢, = C'(Sy, zy)
fort/ =t —1,t —2,...,t — H. For convenience we compile this sequence into a history
that allows us to trace backward in time.

Now recall how we did our TD(\) updates for our discounted infinite-horizon problem
in equation (16.12), but now we are going to first adapt it to an undiscounted, finite-horizon
setting using

H
Vis) = V') van D ()6, (17.20)
m=0
where 6" is our usual temporal-difference update
U= C(s™, ™) + VNS (s, am)) = TV (sM).

We are going to execute equation (17.20) adaptively, going backward in time. To make
the logic as clear as possible, we are going to assume a lookup table value function, and we
are going to start by indexing the value function by the time ¢’ when we visit state S} just
so we can keep track of the incremental updating. For this reason, we begin by defining

Vf,#/ (Sy) = V,(s) = the starting value of the estimate of V', (Sy/) as of time ¢/,

Vy 4(s) = the partial update of V;, (s) that has occurred by time ¢ > ¢'.
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Assume that Vf, (Sy/) is the approximate value of being in state Sy when we visited it at
time ¢'. By time ¢ > ¢/, we would have a partially updated estimate Vﬁtr,’t (Sy) of the value
of being in state Sy given by

t
Vii(Su) = Vi(Se)+aw Y N6, (17.21)

T=t/
This means that our update by time ¢ + 1 would be

t4+1
Vtw',t+1(5t') = VulSe)+aw Z AT,
T=t'

= Vi (Su) + A6, (17.22)

This means that as we step forward to time ¢ + 1, we have to run backward through history
adding At =t'5, .1 to each Vi (Sy) for t' = ¢t — 1,¢ — 2,..., until X'~ is small
enough that we can stop.

As a final step, we drop the time index because we are updating a stationary policy.

17.3.3 Evaluating offline and online learning policies

Almost completely overlooked in the research literature is the recognition that if you are
learning online, you need to use a cumulative reward objective. Offline (which is how most
algorithms are tested), you should be using a final reward objective, which means the class
4 objective in table 9.3 in section 9.11, given by

max E{C(S5, X" " (50""7), W)|s°} =

imp

w150 EF g0 B 0 C(S, X777 (810°77), W), (17.23)

Note that we are evaluating the learning policy 7r!"”, but this may be the same as (or closely
related to) the implementation policy. If we are using a perturbed implementation policy
(for example, adding in a noise term as is done in an excitation policy), then the max .i-»
really means maximizing over the noise in the excitation policy.

In section 9.12 we show that you can simulate this (otherwise intimidating) expression.
Let w be a single sample path of the training observations Wy (w), ..., Wr(w), and let

be a single observation of the testing random variable W (). N

T

> C(Su(w), X™

t=0

imp

F (0" |w, ) = (Se()]07P, ), Wip1 (¢)).  (17.24)

NI~

We finally average over a set of K samples of w, and L samples of 1, giving us

L

K
_ 11 .

Fw(@lrn) _ ?Z § : § :Fﬂ(ghnlwk7¢2)7 (17'25)
k=1+¢=1

In plain English, this means training V(.S ), then fixing V;(.S;) and running simulations
to see how it performs. It is when we are simulating the policy (holding V+(St) fixed) that
we are approximating the expectation Eg‘snf in equation (17.23).
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17.3.4 Lookahead policies

Another perspective of approximate dynamic programming is in the context of a lookahead
policy. This is an idea that we are going to revisit in more depth in chapter 19 which focuses
on lookahead policies, but for completeness we are going to hint at what we would do right
now for comparison.

Imagine that we feel that to make a good decision now, we have to plan into the future
using our best estimates, say, of forecasts of various activities. We may have a situation
such as planning inventories for a complex supply chain where a stationary policy would not
work. Also, as we discuss in chapter 19, lookahead policies have the feature of imbedding
a lot of information in the form of latent variables, which is information that affects the
modeling as we project into the future, but without adding to the complexity of the state
variable as we project into the future.

This idea requires that we set up an approximate model that is then solved with approx-
imate dynamic programming, using any of the algorithms discussed so far. We end up
solving a problem at some time ¢ with the same structure as the one behind (17.18), but
it starts at time ¢t. Also, because it is in a lookahead model, it can be simpler, so we use
modified states, decisions and exogenous information which we introduce in more detail
in section 19.2:

t+H
X7 (S) = argrr;axE {Z C(Stt/ng(Stt’))} : (17.26)

t'=t

In other words, our policy will be to solve an approximate lookahead model, and use the
decision z; = )N(t” (S’tt) that looks best right now. We note that this has to be re-optimized
(possibly from scratch, but not necessarily) each time period. Also, while this idea is
computing value functions to obtain good policies, the primary interest is in the decision
of what to do at time .

17.4 APPROXIMATE VALUE ITERATION USING LINEAR MODELS

Approximate value iteration, (Q-learning and temporal difference learning (with A = 0) are
clearly the simplest methods for updating an estimate of the value of being in a state. Linear
models are the simplest methods for approximating a value function. Not surprisingly, then,
there has been considerable interest in putting these two strategies together.

Figure 17.5 depicts a basic adaptation of linear models updated using recursive least
squares in an approximate value iteration. However, not only are there no convergence
proofs for this algorithm, there are examples that show that it may not diverge, even for
problems where the linear approximation has the potential for identifying the correct value
function. This said, the method is popular because of its relative simplicity, and because
it seems to work for many applications (recall that we used linear architectures for the
benchmarking studies for backward approximate dynamic programming in section 15.4.1
with exceptional results).

The most important step whenever a linear model is used, regardless of the setting, is to
choose the basis functions carefully so that the linear model has a chance of representing
the true value function over the widest range of states. The biggest strength of a linear
model is also its biggest weakness. A large error can distort the update of 8" which then
impacts the accuracy of the entire approximation. Since the value function approximation
determines the policy (see Step 1), a poor approximation leads to poor policies, which then
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distorts the observations ©™. This can be a vicious circle from which the algorithm may
never recover.

A second step is in the specific choice of recursive least squares updating. Figure 17.5
refers to the classic recursive least squares updating formulas in equations (3.41)-(3.45) in
chapter 3. However, buried in these formulas is the implicit use of a stepsize rule of 1/n.
We show in chapter 6 that a stepsize 1/n is particularly bad for approximate value iteration
(as well as -learning and TD(0) learning). While this stepsize can work well (indeed, it
is optimal) for stationary data, it is very poorly suited for the backward learning that arises
in approximate value iteration. Fortunately, the problem is easily fixed if we replace the
updating equations for M and =, which are given as

M= M= M,
Vo= L ()M,
in equations (3.44) and (3.45) with
i = Lo Lamteney)
Y= A (@M

in equations (3.47) and (3.48). Here, A discounts older errors. A = 1 produces the original
recursive formulas. When used with approximate value iteration, it is important to use
A < 1. In section 3.8.2, we argue that if you choose a stepsize rule for a,, such as
a, = 05 /(65 4+ n — 1), you should set \,, at iteration n using

1- n
A = s (O‘) |
(6793

Step 0. Initialization:

Step 0a. Initialize v°.
Step Ob. Initialize S*.
Step Oc. Setn = 1.

Step 1. Solve

N _ mn n—1 M,z gn
o= max (C(S ,r)+~y§fje, o5 (SMF(S™,x))) (17.27)

and let ™ be the value of x that solves (17.27).

Step 2. Update the value function recursively using equations (3.41) -(3.45) from chapter 16 to obtain
or.

Step 3. Choose a sample W™+ = ¥/ (w™*1) and determine the next state using some policy such as
smo= sMgn gn wntl),
Step 3. Increment n. If n < N go to Step 1.

Step 4. Return the value functions VN.

Figure 17.5 Approximate value iteration using a linear model.
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Approximate value iteration using a linear architecture has to be used with care. Provable
convergence results are rare, and there are examples of divergence. As with all policies
(whether they use value function approximations or not), the performance of any particular
policy is very problem dependent. It is particularly valuable to design some sort of
benchmark. If you are using value functions, then your problem likely falls in a class
that requires a policy that estimates the downstream impact of a decision made now. This
means that some form of direct lookahead approximation (described in chapter 19) might
be a natural benchmark.

17.5 ON-POLICY VS OFF-POLICY LEARNING AND THE
EXPLORATION-EXPLOITATION PROBLEM

One of the most difficult challenges in approximate dynamic programming is managing the
exploration of the state space to ensure that we get a good approximation of V;(S;) over
the set of states .S; that we are likely to visit. We have to deal with the following problems:

e We do not know in advance the set of states that we are most likely to visit. At
. . . . >N .
iteration n, we have an approximation V' (.9). If we stopped now, our policy would
be given by

v = arg max (C(S?,20) + B{V 1 (Sit1)|S, 24 }). (17.28)

This would then lead us to state S}, = SM(S7, 27, W/ ;). Moving to state S7, |
means we are using trajectory following, and it suggests that S{, | is a reasonable
state to visit. However, it depends on our current value function approximation

V1 (Si41) which might be quite poor.

e For a stochastic problem where Wy, is chosen from a probability distribution, the
sampled value 97" of being in a state, calculated using

o7 = max (C(S", z4) + E{Vy 1 (Seq1)|SP, x4 }).

T €EX

is a random variable (and this can be a very noisy random variable), which means
. . . TN .

that our value function approximations V', (S;) are themselves random variables. If

5N . . . .

V', (S¢) overestimates the value of being in a state, our system will be attracted to

that state and visit it more often than it should. Similarly, if we have underestimated

N . . .. . . .y

V', (St), the system will avoid decisions that take us to \S;, limited our ability to fix

the error.

e The estimate 9;" depends on V? +1(S¢4+1) which means that 07" is biased.

e While the noise in 07" due to Wy can create errors in our estimate of V? (Sp).
we may also introduce structural errors if we use any form of parametric or locally
parametric belief model.

We start our discussion with some terminology. We then transition to discussing the issues
associated with lookup table representations, and then to the use of generalized learning
methods.
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17.5.1 Terminology
We begin our discussion by establishing a few terms:

The implementation policy X™ " (S,) - If V" () is our value function approximation
after n training iterations for time ¢, then the implementation policy is the policy we
obtain from using these value function approximations, which means

imp

X" (8,) = arg max (O(Sy,20) + E{V} 1 (Ses1)|Se, ze}).  (17.29)

TLEX

The implementation policy would be XV 4N (S,) after we have exhausted our
training iterations. The implementation policy is referred to as the target policy in
computer science.

The learning policy X mi (St) - This is the policy we use while we are learning the value
function approximations. We may choose to use our implementation policy, which
is to say we are using equation (17.28) to determine the decision ' we make now
to determine the state S7, = S™(S;, 2}, W/',) we visit next (during iteration
n). The learning policy is known as the behavior policy in computer science. Other
learning policies might include:

e Random - Choose z}' randomly from the set (or region) A7.

e Epsilon-greedy - Choose z}' at random from A} with probability €, and use the
implementation policy 27" = XV ¥4:"(S,) with probability 1 — e.
e Interval estimation - Choose z} from

X"P(S,]0"F) = arg max ((C(St, z0) + B{Vi11(Se41)|S0, w4 }) + 9’%;‘(5;))
Tt t

where 7} (S;) is the standard deviation of our estimate V:_H (St11)-

e Perturbed implementation policy (for continuous decisions):
lrn imp
X7 (St) =X7 (St) +€t+17 (1730)
where g1 ~ N(0,02).
We could tap any of the learning policies from chapter 7, but there is a strong bias

toward policies that are simple and easy to compute.

As a general rule, we only use the learning policy to determine a state to visit. If

we use our learning policy to choose z}, we would not use 07 = C(Sp, x}') +
TN . .

E{V;,1(Se41)|SF, 2} } to update the estimate of our value function.

On policy learning - This is when we use our implementation policy X™ " (S;) to guide
the choice of decision from which we do our learning.

Off policy learning - This is when we use our learning policy X 7TZM(St) to guide the
choice of the next state.

Policies like the perturbed implementation policy in (17.30) are attractive (where appli-
cable) because they are well suited to serve as an implementation policy that pays a small
price to continue learning.
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$0 $0

$20

Figure 17.6 Two-state dynamic program, with transition contributions.

17.5.2 Learning with lookup tables

A considerable amount of work in approximate dynamic programming started in computer
science and operations research using lookup table representations of value functions.
Lookup tables offer the attraction that in the limit, they can provide a perfect fit. The
downside is that straightforward implementations mean that visit state s teaches us nothing
about state s’. Most of the literature on the exploration-exploitation problem is focused on
lookup table representations.

Consider the two-state dynamic program illustrated in figure 17.6. Assume we start in
state 1, and further assume that we initialize the value of being in each of the two states to
Vo(l) =7’ (2) = 0. We see a negative contribution of -$5 to move from state 1 to 2, but
a contribution of $0 to stay in state 1. We do not see the contribution of $20 to move from
state 2 back to state 1, to it appears to be best to stay in state 1. This is where we need a
learning policy to perform forced exploration.

A more realistic version of this issue can be illustrated with our nomadic trucker problem
that we introduced in section 2.3.4. Assume we dispatcher our truck driver using the
tractory-following implementation policy. We would obtain the results shown in figure
17.7a, where the circles are proportional to the value function approximations. We see
from the figure that the trucker ended up visiting just seven cities after 500 dispatches.

An alternative strategy is to start with optimistic estimates of the value of being in
each city to encourage exploration, while still using just the implementation policy. This
produces the value functions depicted in figure 17.7b, which shows that the trucker is
visiting far more cities. Note that this is not an ideal solution, as it is effectively suggesting
that the trucker should visit any city he has not yet visited. Of course, we can tune our
optimistic estimate (presumably in a simulator) so that we pick a “high enough” initial
estimate.

17.5.3 Learning with generalized belief models

Exploration policies depend heavily on how we are approximating the value function.
With lookup tables, visiting a state s teaches us nothing about other states, which makes
exploration exceptionally important. The argument that we would make is that the vast
majority of real problems have exceptionally large (frequently infinite) state spaces, which
limits the value of lookup table representations. Just skim the state variables in the simple
inventory problems we reviewed in section 9.9 (which grew to 42 dimensions) to reminder
yourself how quickly state spaces can grow even on simple problems.

Chapter 3 offers a variety of strategies for some form of generalized learning, where
visiting a state s teaches us about the value of many other states. Examples include:
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17.7a: Low initial estimate of the value function.

17.7b: High initial estimate of the value function.

Figure 17.7 The effect of value function initialization on search process. Case (a) uses a low
initial estimate and produces limited exploration; case (b) uses a high initial estimate, which forces
exploration of the entire state space.

Lookup tables with correlated beliefs - We can often express a relationship between pairs
of states through a covariance matrix Y. Using the tools of section 3.4.2, we can visit
one state and then update many other states through the relationship captured in 2.
It may be the only property we have is smoothness, but this can still be a powerful

property.
Monotonicity - If the value of V' (s) increases (or decreases) in each dimension (or a

subset of dimensions), we can use this property to update many states from a single
observation.

Linear models - The simplest belief model, and as a result the one that has attracted the
most attention, is a linear model (remember this means linear in the parameters) with
the general form

Vi(Se|0r) = Z Oy (Se).

fer
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Note that we have used our standard time-indexed form (this is not standard in
communities such as computer science), but it is relatively easy to estimate time-
dependent VFAs.

Linear models are widely used, but this does not mean they work well, and we revisit
this in our presentation below. Linear models are used because they are simple and
provide an answer, but often users have no idea how good the answer is. It is unlikely,
for example, that a single linear model would accurately represent a value function
over the entire range of states that we actually visit.

Nonlinear models - Nonlinear parametric models offer the same generalized learning that
linear models do, although it introduces other issues that we discuss later in the
chapter.

Convex approximations - In chapter 18, we are going to see that convexity is a powerful
property that allows us to estimate accurate value function approximations without
the need for any explicit exploration logic.

Locally linear approximations - Here we are creating linear models for a set of regions that
we can represent as a series of state spaces (Si, . .., Sr). Note that once we introduce
the idea of local approximations, we re-introduce the need to visit states within the
different regions S;. Presumably the number of regions will be dramatically smaller
than the number of states, so this is an improvement.

Neural networks - Neural networks are such highly flexible architectures that we almost
return to the same situation we were with lookup tables, but without the intuition of
learning locally.

Linear models are easily the most popular form of value function approximation, and
as with all parametric models, offer the power of generalized learning where a model with
K parameters (where K is typically on the order of 10 to 100 parameters, but may be in
the 1000s). This means that with relatively few training iterations, we will at least get an
estimate of the value of being in every state.

We still have the same issues with bias (in the values of ;) and noise, but we also have
to deal with structural error, since we cannot expect a linear model to be globally accurate.
Adding more features (which increases K) is not a cureall, since it can introduce unwanted
variability. For example, we may be fitting a smooth, concave function (envision a nice
grassy hilltop) where a quadratic will do a good, if not perfect, job of capturing the general
shape. Higher order functions could introduce unwanted undulations.

Exploration with a parametric model has a completely different behavior than using
a lookup table (potentially even nonparametric models). The classical intuition about
exploration-exploitation is entirely different with parametric models. A good example is
the problem of learning a linear demand curve that we showed in figure 12.2 in section
12.6.2. While this is not a value function, it nicely illustrates how learning a linear function
requires observations that are removed from the center of mass of other observations.
Learning a linear function (in any setting) is best done by observing extreme points. The
problem (which arose in figure 12.2) is that visiting extreme points may be expensive if
you are learning in an offline setting.

When using parametric value function approximations, it has been our experience that
the most popular strategy used in practice is to use a learning policy that consists of a
perturbed implementation policy of the sort introduced in section 12.6.2. These are most
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naturally implemented using continuous decisions and states, but it is possible to use a
soft-max (Boltzmann) policy to choose among categorical alternatives.

17.6 APPLICATIONS

There are many problems where we can exploit structure in the state variable, allowing
us to propose functions characterized by a small number of parameters which have to be
estimated statistically. Section 3.6.3 represented one version where we had a parameter for
each (possibly aggregated) state. The only structure we assumed was implicit in the ability
to specify a series of one or more aggregation functions.

The remainder of this section illustrates the use of regression models in specific appli-
cations which include pricing an American option and playing lose tic-tac-toe, followed by
a brief discussion of deterministic problems that arise in engineering control problems and
games.

Stock prices

Time period
Outcome 1 2 3 4
1 121 1.08 1.17 1.15
2 1.09 1.12 117 1.13
3 .15 1.08 122 1.35
4 .17 1.12 118 1.15
5 1.08 1.15 1.10 1.27
6 .12 122 123 1.17
7 1.16 1.14 1.13 1.19
8 122 1.18 121 1.28
9 1.08 1.11 1.09 1.10

S
O
—_
=
N

1.18  1.22

Table 17.3 Ten sample realizations of prices over four time periods

17.6.1 Pricing an American option

Consider the problem of determining the value of an American-style put option which gives
us the right to sell an asset (or contract) at a specified price at any of a set of discrete time
periods. For example, we might be able to exercise the option on the last day of the month
over the next 12 months.

Assume we have an option that allows us to sell an asset at $1.20 at any of four time
periods. We assume a discount factor of 0.95 to capture the time value of money. If we wait
until time period 4, we must exercise the option, receiving zero if the price is over $1.20.
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Option value at t = 4

Time period
Outcome 1 2 3 4

1 - - - 005

- - - 007

- - - 0.00

- - - 005

0.00

- - - 003

- - - 001

- - - 000

O o] N N (9] B (O8] [\
1
1
1

- - - 010

—_
(=]
1
1
1

0.00

Table 17.4 The payout at time 4 if we are still holding the option

At intermediate periods, however, we may choose to hold the option even if the price is
below $1.20 (of course, exercising it if the price is above $1.20 does not make sense). Our
problem is to determine whether to hold or exercise the option at the intermediate points.

From history, we have found 10 samples of price trajectories which are shown in table
17.3.

If we wait until time period 4, our payoff is shown in table 17.4, which is zero if the
price is above 1.20, and 1.20 — py4 for prices below $1.20.

At time ¢ = 3, we have access to the price history (pi,p2,p3). Since we may not be
able to assume that the prices are independent or even Markovian (where p3 depends only
on ps), the entire price history represents our state variable, along with an indicator that
tells us if we are still holding the asset. We wish to predict the value of holding the option
attime ¢ = 4. Let V;(.S4) be the value of the option if we are holding it at time 4, given the
state (which includes the price p,4) at time 4. Now let the conditional expectation at time 3
be

V3(S3) = E{Vi(S4)]Ss}.

Our goal is to approximate V 3(S3) using information we know at time 3. We propose a
linear regression of the form

Y = 0o + 0, X1 + 0 X5 + 03X,

where
Y = W
Xl = P2
X2 = P3,

X = (p3).
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Regression data

Independent variables ~ Dependent variable

Outcome X X5 X3 Y
1 1.08 1.17 1.3689 0.05
2 .12 1.17  1.3689 0.07
3 1.08 1.22 1.4884 0.00
4 .12 1.18 1.3924 0.05
5 1.15 1.10 1.2100 0.00
6 122 123  1.5129 0.03
7 144  1.13  1.2769 0.01
8 1.18 1.21 1.4641 0.00
9 .11 1.09 1.1881 0.10
10 .14  1.18 1.3924 0.00

Table 17.5 The data table for our regression at time 3

The variables X1, X5 and X3 are our basis functions. Keep in mind that it is important
that our explanatory variables X; must be a function of information we have at time ¢ = 3,
whereas we are trying to predict what will happen at time ¢ = 4 (the payoff). We would
then set up the data matrix given in table 17.5.

We may now run a regression on this data to determine the parameters (6;)?_. It makes
sense to consider only the paths which produce a positive value in the fourth time period,
since these represent the sample paths where we are most likely to still be holding the
asset at the end. The linear regression is only an approximation, and it is best to fit the
approximation in the region of prices which are the most interesting (we could use the same
reasoning to include some “near misses’”). We only use the value function to estimate the
value of holding the asset, so it is this part of the function we wish to estimate. For our
illustration, however, we use all 10 observations, which produces the equation

V3 ~ 0.0056 — 0.1234p, + 0.6011p3 — 0.3903(ps)2.

V3 is an approximation of the expected value of the price we would receive if we hold
the option until time period 4. We can now use this approximation to help us decide what
to do at time ¢ = 3. Table 17.6 compares the value of exercising the option at time 3
against holding the option until time 4, computed as vV 3(S3). Taking the larger of the two
payouts, we find, for example, that we would hold the option given samples 1-4, 6, 8, and
10, but would sell given samples 5, 7, and 9.

We can repeat the exercise to estimate Vo(S;). This time, our dependent variable
“Y” can be calculated two different ways. The simplest is to take the larger of the
two columns from table 17.6 (marked in bold). So, for sample path 1, we would have
Y1 = max{.03,0.03947} = 0.03947. This means that our observed value is actually
based on our approximate value function V'3(S3).



742 FORWARD ADP II: POLICY OPTIMIZATION

Rewards
Decision
Outcome  Exercise Hold
1 0.03 0.04155 x.95 = 0.03947
2 0.03 0.03662 x.95 = 0.03479
3 0.00 0.02397 x.95 = 0.02372
4 0.02 0.03346 x.95 = 0.03178
5 0.10 0.05285 x.95 = 0.05021
6 0.00 0.00414 %x.95 = 0.00394
7 0.07 0.00899 x.95 = 0.00854
8 0.00 0.01610 x.95 = 0.01530
9 0.11 0.06032 x.95 = 0.05731
10 0.02 0.03099 x.95 = 0.02944

Table 17.6  The payout if we exercise at time 3, and the expected value of holding based on
our approximation. The best decision is indicated in bold.

An alternative way of computing the observed value of holding the option in time 3 is
to use the approximate value function to determine the decision, but then use the actual
price we receive when we eventually exercise the option. Using this method, we receive
0.05 for the first sample path because we decide to hold the asset at time 3 (based on our
approximate value function) after which the price of the option turns out to be worth 0.05.
Discounted, this is worth 0.0475. For sample path 2, the option proves to be worth 0.07
which discounts back to 0.0665 (we decided to hold at time 3, and the option was worth
0.07 at time 4). For sample path 5 the option is worth 0.10 because we decided to exercise
at time 3.

Regardless of which way we compute the value of the problem at time 3, the remainder
of the procedure is the same. We have to construct the independent variables “Y” and
regress them against our observations of the value of the option at time 3 using the price
history (p1,p2). Our only change in methodology would occur at time 1 where we would
have to use a different model (because we do not have a price at time 0).

17.6.2 Playing “lose tic-tac-toe”

The game of “lose tic-tac-toe” is the same as the familiar game of tic-tac-toe, with the
exception that now you are trying to make the other person get three in a row. This nice
twist on the popular children’s game provides the setting for our next use of regression
methods in approximate dynamic programming.

Unlike our exercise in pricing options, representing a tic-tac-toe board requires capturing
a discrete state. Assume the cells in the board are numbered left to right, top to bottom as
shown in figure 17.8a. Now consider the board in figure 17.8b. We can represent the state
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1121 3 X
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Figure 17.8  Some tic-tac-toe boards. (17.8a) Our indexing scheme. (17.8b) Sample board.

of the board after the ¢ play using

1 if cell 7 contains an “X,”
Sy = 0 if cell 4 is blank,
—1 if cell 7 contains an ”O,”

S = (Sti)?:l'

We see that this simple problem has up to 37 = 19, 683 states. While many of these states
will never be visited, the number of possibilities is still quite large, and seems to overstate
the complexity of the game.

We quickly realize that what is important about a game board is not the status of every
cell as we have represented it. For example, rotating the board does not change a thing, but
it does represent a different state. Also, we tend to focus on strategies (early in the game
when it is more interesting) such as winning the center of the board or a corner. We might
start defining variables (basis functions) such as

¢1(S;) = lifthereisan “X” in the center of the board, 0 otherwise,
¢»2(S;) = The number of corner cells with an “X,”
¢3(S;) = The number of instances of adjacent cells with an “X” (horizontally,

vertically, or diagonally).

There are, of course, numerous such functions we can devise, but it is unlikely that we

could come up with more than a few dozen (if that) which appeared to be useful. It is

important to realize that we do not need a value function to tell us to make obvious moves.
Once we form our basis functions, our value function approximation is given by

Vi(S) =D bi5d7(Se)-

fer

We note that we have indexed the parameters by time (the number of plays) since this might
play a role in determining the value of the feature being measured by a basis function, but
it is reasonable to try fitting a model where 0,y = 6¢. We estimate the parameters 6 by
playing the game (and following some policy) after which we see if we won or lost. We let
Y™ = 1 if we won the n*" game, 0 otherwise. This also means that the value function is
trying to approximate the probability of winning if we are in a particular state.

We may play the game by using our value functions to help determine a policy. Another
strategy, however, is simply to allow two people (ideally, experts) to play the game and use
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this to collect observations of states and game outcomes. This is an example of . If we
lack a “supervisor” then we have to depend on simple strategies combined with the use of
slowly learned value function approximations. In this case, we also have to recognize that
in the early iterations, we are not going to have enough information to reliably estimate the
coefficients for a large number of basis functions.

17.6.3 Approximate dynamic programming for deterministic problems

There has been considerable interest in applying ADP to two classes of deterministic
problems:

e Engineering control problems - Imagine making decisions about how to control a
drone or robot, where we have to apply a multidimensional force vector u; to the
device (using the notation of control theory) to minimize some performance metric.

e Playing games - There has been considerable interest in using reinforcement learning
for computer Go, chess, and an array of video games.

Neural networks have proven to be very popular in both settings, with reports of considerable
success (although the techniques for computer games tend to require a hybrid policy).
As we pointed out when we first introduced neural networks in section 3.9.3, the high-
dimensionality of neural networks tends to make them sensitive to noise. However, for
deterministic problems this is not an issue, and the ability of neural networks to represent
complex functions without the struggle of identifying reasonable architectures can be
particularly powerful.

It is beyond the scope of this volume to describe developments in these two rich fields
in any depth. We encourage readers interested in either of these problem classes to look
for more specialized presentations.

17.7 APPROXIMATE POLICY ITERATION

One of the most important tools in the toolbox for approximate dynamic programming
is approximate policy iteration. This algorithm is neither simpler nor more elegant than
approximate value iteration, but it can offer stronger convergence guarantees if the policy
is evaluated within a specified tolerance.

In this section we review several flavors of approximate policy iteration, including

a) Finite horizon problems using lookup tables.
b) Finite horizon problems using linear models.
¢) Infinite horizon problems using linear models.

Finite horizon problems allow us to obtain Monte Carlo estimates of the value of a policy by
simulating the policy until the end of the horizon. Note that a “policy” here always refers to
decisions that are determined by value function approximations. We use the finite horizon
setting to illustrate approximating value function approximations using lookup tables and
basis functions, which allows us to highlight the strengths and weaknesses of the transition
to basis functions.

We then present an algorithm based on least squares temporal differences (LSTD) and
contrast the steps required for finite horizon and infinite horizon problems when using
linear models.
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17.7.1 Finite horizon problems using lookup tables

A fairly general purpose version of an approximate policy iteration algorithm is given in
figure 17.9 for an infinite horizon problem. This algorithm helps to illustrate the choices
that can be made when designing a policy iteration algorithm in an approximate setting.

The algorithm features three nested loops. The innermost loop steps forward and
backward in time from an initial state S™°. The purpose of this loop is to obtain an
estimate of the value of a path. Normally, we would choose 7" large enough so that 47 is
quite small (thereby approximating an infinite path).

The next outer loop repeats this process M times to obtain a statistically reliable estimate
of the value of a policy (determined by V™™). The third loop, representing the outer loop,
performs policy updates (in the form of updating the value function). In a more practical
implementation, we might choose states at random rather than looping over all states.

Readers should note that we have tried to index variables in a way that shows how
they are changing (do they change with outer iteration n? inner iteration m? the forward
look-ahead counter ¢?). This does not mean that it is necessary to store, for example, each
state or decision for every n, m, and ¢t. In an actual implementation, the software should
be designed to store only what is necessary.

We can create different variations of approximate policy iteration by our choice of
parameters. First, if we let 7' — oo, we are evaluating a true infinite horizon policy. If
we simultaneously let M — oo, then v™ approaches the exact, infinite horizon value of
the policy 7 determined by V™", Thus, for M = T = oo, we have a Monte Carlo-based
version of exact policy iteration.

We can choose a finite value of 7" that produces values ©™"" that are close to the infinite
horizon results. We can also choose finite values of M, including M = 1. When we
use finite values of M, this means that we are updating the policy before we have fully
evaluated the policy. This variant is known in the literature as optimistic policy iteration
because rather than wait until we have a true estimate of the value of the policy, we update
the policy after each sample (presumably, although not necessarily, producing a better
policy). We may also think of this as a form of partial policy evaluation, not unlike the
hybrid value/policy iteration described in section 14.8.

17.7.2 Finite horizon problems using linear models

The simplest demonstration of approximate policy iteration using linear models is in the
setting of a finite horizon problem. Figure 17.10 provides an adaption of the algorithm
using lookup tables when we are using linear models. There is an outer loop over n where
we fix the policy using

XtTr(St) = argrr;ax C(St, J,‘t) + ’YZQ;TJ}7L¢f(St,.’I}t) . (1731)
Ty 7

We are assuming that the basis functions are not themselves time-dependent, although they
depend on the state variable S; (and decision =) which, of course, is time dependent. The
policy is determined by the parameters 67"

We update the policy X[ (s) by performing repeated simulations of the policy in an
inner loop that runs m = 1, ..., M. Within this inner loop, we use recursive least squares
to update a parameter vector 6’ f’m. This step replaces step 6b in figure 17.9.
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Step 0. Initialization:

Step 0a. Initialize V"°°.
Step Ob. Set a look-ahead parameter 7" and inner iteration counter M.

Step Oc. Setn = 1.

Step 1. Sample a state S and then do:
Step 2. Do form =1,2,...,M:
Step 3. Choose a sample path w™ (a sample realization over the lookahead horizon T7).
Step4. Dofort=0,1,...,7T":
Step 4a. Compute

g™ = g max (C(SPT @) + AV HSMES) 0).

TLES
Step 4b. Compute

s _ M s »
SET = ST(ST ™ Wi (™).

Step 5. Initialize 07} = 0.
Step 6: Dofort=17,7—1,...,0:
Step 6a: Accumulate 0™"™:

~n.m n,m _n,m ~n,m
0y = C@S;"", x, )+’yvt+1.

Step 6b: Update the approximate value of the policy:
m—1

gm — ( ),Dn,m—l +

l n,m
m m

g
Step 8. Update the value function at S™:

V™" = (1= an—1)o" "t + an_1op™
Step 9. Setn =n+ 1. If n < N, goto Step 1.

Step 10. Return the value functions (VW’N).

Figure 17.9 A policy iteration algorithm for infinite horizon problems

If we let M — oo, then the parameter vector 6;' M approaches the best possible fit
for the policy X[ (s) determined by #™"~1. However, it is very important to realize that
this is not equivalent to performing a perfect evaluation of a policy using a lookup table
representation. The problem is that (for discrete states), lookup tables have the potential
for perfectly approximating a policy, whereas this is not generally true when we use basis
functions. If we have a poor choice of basis functions, we may be able find the best possible
value of ™™ as m goes to infinity, but we may still have a terrible approximation of the
policy produced by ™"~ 1,

17.7.3 LSTD for infinite horizon problems using linear models

We have built the foundation for approximate policy iteration using lookup tables and
basis functions for finite horizon problems. We now make the transition to infinite horizon
problems using linear models, where we introduce the dimension of projecting contributions
over an infinite horizon. There are several ways of accomplishing this (see section 16.1.2).
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Step 0. Initialization:

Step 0a. Fix the basis functions ¢ ¢ (s).

077,0

Step Ob. Initialize 6, ;

Step Oc. Setn = 1.

for all ¢. This determines the policy we simulate in the inner loop.

Step 1. Sample an initial starting state S{":

Step 2. Initialize ™0 (if n > 1, use ™0 = 1), which is used to estimate the value of policy
7 produced by #P%™. §™0 is used to approximate the value of following policy 7 determined
by 6™,

Step3. Doform =1,2,..., M:
Step 4. Choose a sample path w™.
Step 5. Dofort=0,1,...,7":

Step 5a. Compute

o™ = arg max | C(SP @)+ Y 0" op (SIS a))
TEEX, I

Step 5b. Compute
Sy = SMSET T Wega (W™)).

~n,m

Step 6. Initialize 0., = 0.
Step7: Dofort=17,7—1,...,0:

ATV, . n,m n,m AT, M
0, = C(S;" x)n )—&-’va’_l.

Step 8. Update 6} "™=1 using recursive least squares to obtain o™

(see section 3.8).

Step 9. Setn =n+ 1. If n < N, go to Step 1.

Step 10. Return the value functions (VW’N).

Figure 17.10 A policy iteration algorithm for finite horizon problems using linear models.

We use least squares temporal differencing, since it represents the most natural extension
of classical policy iteration for infinite horizon problems.

To begin, we let a sample realization of a one-period contribution, given state S™ and
decision ™ be given by

Cfm — C(Sm7 xm).

As in the past, we let ¢™ = ¢(.S™) be the column vector of basis functions evaluated at
state S™. We next fix a policy which chooses decisions greedily based on a value function
approximation given by V"' (s) = 7079 (s) (see equation (17.31)). Imagine that we
have simulated this policy over a set of iterations ¢ = (0, 1,...,m), giving us a sequence
of contributions C’i, 1 =1,...,m. Drawing on the foundation provided in section 16.3,
we can use standard linear regression to estimate 6" using

—1 m

1 & , , 1 o
gm = i i i+1\T Je Al 17.32
—Hm;w 76) —Hm;¢ ¢ (17.32)
As a reminder, the term ¢' — y¢**! can be viewed as a simulated, sample realization of
I — v P™, projected into the feature space. Just as we would use (I —~vP™)~! in our basic
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policy iteration to project the infinite-horizon value of a policy 7 (for a review, see section
14.7), we are using the term

1—|—mi:0

m —1
L Z ¢i(¢" — 7¢i+1)T]

to produce an infinite-horizon estimate of the feature-projected contribution

1 - i A i
LS|

=1

Equation (17.32) requires solving a matrix inverse for every observation. It is much
more efficient to use recursive least squares, which is done by using

o= O — (¢ — T (17.33)
ML (o — 4o+ T A
T )T ML
emMm—1gm
L+ (¢m — yom+)TMm=1gym’

Figure 17.11 provides a detailed summary of the complete algorithm. The algorithm
has some nice properties if we are willing to assume that there is a vector 8* such that
the true value function V(s) = > > 0r¢s(s) (admittedly, a pretty strong assumption).
First, if the inner iteration limit M increases as a function of n so that the quality of the
approximation of the policy gets better and better, then the overall algorithm will converge
to the true optimal policy. Of course, this means letting M — oo, but from a practical
perspective, it means that the algorithm can find a policy arbitrarily close to the optimal
policy.

Second, the algorithm can be used with vector-valued and continuous decisions. There
are several features of the algorithm that allow this. First, computing the policy X ™ (s|6™)
requires solving a deterministic optimization problem. If we are using discrete decisions, it
means simply enumerating the decisions and choosing the best one. If we have continuous
decisions, we need to solve a nonlinear programming problem. The only practical issue is
that we may not be able to guarantee that the objective function is concave (or convex if
we are minimizing). Second, note that we are using trajectory following (also known as
on-policy training) in Step 6¢, without an explicit exploration step. It can be very difficult
implementing an exploration step for multidimensional decision vectors.

We can avoid exploration as long as there is enough variation in the states we visit that
allows us to compute 8™ in equation (17.32). When we use lookup tables, we require
exploration to guarantee that we eventually will visit every state infinitely often. When we
use basis functions, we only need to visit states with sufficient diversity that we can estimate
the parameter vector 8. In the language of statistics, the issue is one of identification (that
is, the ability to estimate #) rather than exploration. This is a much easier requirement to
satisfy, and one of the major advantages of parametric models.

M = Mmfl

(17.34)

- ¢m—1 + (1735)

17.8 THE ACTOR-CRITIC PARADIGM

Itis very popular in some communities to view approximate dynamic programming in terms
of an “actor” and a “critic.” Simply put, the actor is a policy that chooses the decision, and
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Step 0. Initialization:

Step 0a. Initialize 6.
Step Ob. Set the initial policy:

A7 (5]0°) = arg max (C(s,z) + ’y(j)(SM(s,x))TOO).

Step Oc. Setn = 1.
Step1. Doforn=1,...,N.
Step 2. Initialize Sg.
Step 3. Do form =0,1,..., M:
Step 4: Initialize ™™
Step 5: Sample W™ +1,
Step 6: Do the following:
Step 6a: Computing the decision ™™ = X 7™ (S™|g”~1).
Step 6b: Compute the post-decision state S%™ = SM.z(gn.m gn.m)y,
Step 6c: Compute the next pre-decision state S™™m+1 = §M(gn.m gn,m ppm+ly
Step 6d: Compute the input variable ¢(S™™) — v¢(S™™+1) for equation (17.32).
Step 7: Do the following:
Step 7a: Compute the response variable C™ = C(S™™ gn-m yym+1),
Step 7b: Compute 6™ using equation (17.32).
Step 8: Update 6™ and the policy:
gntl  —  gnm

X ntls) = arg max (C(s,x)+”/¢(SM(S,$))9"+1).

Step 9. Return the X ™ (s|#™) and parameter 67 .

Figure 17.11  Approximate policy iteration for infinite horizon problems using least squares
temporal differencing.

the critic is the value function that evaluates the policy. In engineering control applications,
where states and controls are continuous, it is common to represent both the policy and
the approximate value function using (typically shallow) neural networks, and hence some
authors refer to “actor nets” and “critic nets.” Note that in this setting, the actor is a form
of policy function approximation.

The policy iteration algorithm in figure 17.12 provides one illustration of the actor-critic
paradigm. The decision function is equation (17.36), where V™"~ ! determines the policy
(in this case). This is the actor. Equation (17.37), where we update our estimate of the value
of the policy, is the critic. We fix the actor (that is, we fix the value function approximation
used by the actor) for a period of time and perform repeated iterations where we try to
estimate value functions given a particular actor (policy). From time to time, we stop and
use our value function to modify our behavior (something critics like to do). In this case,
we update the behavior by replacing V™ with our current V.

In other settings, the policy is a policy function approximation of some form that maps
the state to a decision. For example, if we are driving through a transportation network (or
traversing a graph) the policy might be of the form “when at node 7, go next to node j,”
which would be a form of lookup table policy. As we update the value function, we may
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Step 0. Initialization:
Step Oa. Initialize V"%, t € T.
Step Ob. Setn = 1.
Step Oc. Initialize Sé.
Step1. Doforn=1,2,...,N:
Step 2. Do form =1,2,...,M:
Step 3. Choose a sample path w™.
Step 4: Initialize 9" =0
Step5: Dofort =0,1,...,7"
Step 5a. Solve:
"™ = arg max (Ce (5™ we) + 'thﬂ’nfl(SM"z(Stn’m, z¢)))(17.36)

TtEX,
Step 5b. Compute:
Stz,n,m _ S[LI,I(S:L,W’x;L,M)
ST = SMW(SETT Wiga (w™)).

Step 6. Dofort =T —1,...,0:
Step 6a. Accumulate the path cost (with 977 = 0)

= STl i
Step 6b. Update approximate value of the policy starting at time ¢:
Vi UV (VT s e (17.37)
where we typically use au—1 = 1/m.

Step 7. Update the policy value function
Vs =vitsE) vi=0,1,...,T

Step 8. Return the value functions (V;r’N)thl.

Figure 17.12 Approximate policy iteration using value function-based policies.

decide the right policy at node i is to traverse to node k. Once we have updated our policy,
the policy itself does not directly depend on a value function.

Another example might arise when determining how much of a resource we should
have on hand. We might solve the problem by maximizing a function of the form f(z) =
Bo — B1(z — B2)?. Of course, By does not affect the optimal quantity. We might use the
value function to update 5y and 3;. Once these are determined, we have a function that
does not itself directly depend on a value function.

17.9 STATISTICAL BIAS IN THE MAX OPERATOR*

A subtle type of bias arises when we are optimizing because we are taking the maximum
over a set of random variables. In algorithms such as )-learning or approximate value
iteration, we are computing ¢;* by choosing the best of a set of decisions which depend on
Q" 1(S, ). The problem is that the estimates Q" *(S, z) are random variables. In the
best of circumstances, assume that Q™! (S, x) is an unbiased estimate of the true value
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V2 (S*) of being in (post-decision) state S*. Because it is still a statistical estimate with
some degree of variation, some of the estimates will be too high while others will be too
low. If a particular decision takes us to a state where the estimate just happens to be too
high (due to statistical variation), then we are more likely to choose this as the best decision
and use it to compute §".

To illustrate, assume we have to choose a decision x € X, where C(S,x) is the
contribution earned by using decision x (given that we are in state .S) which then takes us
to (post-decision) state S**(S, z) where we receive an estimated value V (S*:*(S, z)).
Normally, we would update the value of being in state S by computing

0" = max (C(S,2) + V" (SM#(S,2))).

reX
We would then update the value of being in state S using our standard update formula

n—1

V'S) = (1 —an_1)V" (S) 4 ap_10".

Since Vnil(SM (S, x)) is a random variable, sometimes it will overestimate the true
value of being in state S*+%(S, z) while other times it will underestimate the true value.
Of course, we are more likely to choose a decision that takes us to a state where we have
overestimated the value.

We can quantify the error due to statistical bias as follows. Fix the iteration counter n
(so that we can ignore it), and let

U, = C(S,z) + V(SM*(S, z))

be the estimated value of using decision x. The statistical error, which we represent as 3,
is given by

=E — EU,. 17.
B8 {I&&)}{(Uw} max U, (17.38)

The first term on the right-hand side of (17.38) is the expected value of V(S), which
is computed based on the best observed value. The second term is the correct answer
(which we can only find if we know the true mean). We can get an estimate of the
difference by using a statistical technique known as the “plug-in principle.” We assume
that EU,, = V(SM:%(S, z)), which means that we assume that the estimates V (S™+% (S, z))
are correct, and then try to estimate E{max,cx U, }. Thus, computing the second term in
(17.38) is easy.

The challenge is computing E{max,cx U, }. We assume that while we have been com-
puting V(SM(S z)), we have also been computing 5%(x) = Var(U,) =
Var(V (SM=(S,z))). Using the plug-in principle, we are going to assume that the esti-
mates % (x) represent the true variances of the value function approximations. Computing
E{max,cx U,} for more than a few decisions is computationally intractable, but we can
use a technique called the Clark approximation to provide an estimate. This strategy finds
the exact mean and variance of the maximum of two normally distributed random variables,
and then assumes that this maximum is also normally distributed. Assume the decisions
can be ordered so that X = {1,2,...|X|}. Now let

UQ = max{Ul, UQ}
We can compute the mean and variance of Us as follows. First, we temporarily define o
using

2 2 2
o = 0] + 05 —20102p12
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where 07 = Var(Uy), 03 = Var(Uz), and p12 is the correlation coefficient between U; and
U, (we allow the random variables to be correlated, but shortly we are going to approximate
them as being independent). Next find
5= 1= H2
e

where 11 = EU; and puo = EUs. Now let ®(z) be the cumulative standard normal
distribution (that is, ®(z) = P[Z < z] where Z is normally distributed with mean 0 and
variance 1), and let ¢(z) be the standard normal density function. If we assume that U; and
U, are normally distributed (a reasonable assumption when they represent sample estimates
of the value of being in a state), then it is a straightforward exercise to show that

EU; = 1 ®(2)+ pa®(—2) + ag(z) (17.39)
Var(Uz) = [(1] +0)®(2) + (u] + 03)@(=2) + (1 + p2) (2]
—(ET,)?. (17.40)

Now assume that we have a third random variable, U3, where we wish to find
E max{U;, Us, Us}. The Clark approximation solves this by using

U3 = EmaX{Ul,Ug,Ug}
~ Emax{Ug,Ug},

where we assume that Us is normally distributed with mean given by (17.39) and variance
given by (17.40). For our setting, it is unlikely that we would be able to estimate the
correlation coefficient p1o (or pa3), SO we are going to assume that the random estimates
are independent. This idea can be repeated for large numbers of decisions by using

UI = EmaX{Ul,Ug,...,Uw}
Emax{U,,U,_1}.

Q

We can apply this repeatedly until we find the mean of U, ||» Which is an approximation of
E{max,cx U,}. This, in turn, allows us to compute an estimate of the statistical bias 3
given by equation (17.38).

Figure 17.13 plots 8 = Emax, U, — max, EU, as it is being computed for 100
decisions, averaged over 30 sample realizations. The standard deviation of each U, was
fixed at 0 = 20. The plot shows that the error increases steadily until the set X reaches
about 20 or 25 decisions, after which it grows much more slowly. Of course, in an
approximate dynamic programming application, each U, would have its own standard
deviation which would tend to decrease as we sample a decision repeatedly (a behavior that
the approximation above captures nicely).

This brief analysis suggests that the statistical bias in the max operator can be significant.
However, it is highly data dependent. If there is a single dominant decision, then the error
will be negligible. The problem only arises when there are many (as in 10 or more)
decisions that are competitive, and where the standard deviation of the estimates is not
small relative to the differences between the means. Unfortunately, this is likely to be the
case in most large-scale applications (if a single decision is dominant, then it suggests that
the solution is probably obvious).

The relative magnitudes of value iteration bias over statistical bias will depend on the
nature of the problem. If we are using a pure forward pass (TD(0)), and if the value of
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Figure 17.13 E max, U, — max, EU, for 100 decisions, averaged over 30 sample realizations.
The standard deviation of all sample realizations was 20.

being in a state at time ¢ reflects rewards earned over many periods into the future, then the
value iteration bias can be substantial (especially if the stepsize is too small).

Value iteration bias has long been recognized in the dynamic programming community.
By contrast, statistical bias appears to have received almost no attention, and as a result
we are not aware of any research addressing this problem. We suspect that statistical bias
is likely to inflate value function approximations fairly uniformly, which means that the
impact on the policy may be quite small. However, if the goal is to obtain the value function
itself (for example, to estimate the value of an asset or a contract), then the bias can distort
the results.

17.10 THE LINEAR PROGRAMMING METHOD USING LINEAR MODELS*

In section 14.10, we showed that the determination of the value of being in each state can
be found by solving the following linear program

minZﬁsv(s) (17.41)
v SGS
subject to
v(s) > C(s,z)+~ Z p(s'|s,z)v(s") forall s and x. (17.42)
s'eS

The problem with this formulation arises because it requires that we enumerate the state
space to create the value function vector (v(s))ses. Furthermore, we have a constraint for
each state-decision pair, a set that will be huge even for relatively small problems.

We can partially solve this problem by replacing the discrete value function with a
regression function such as

V(sl6) = > 0505(s).

feF
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Figure 17.14  Queueing network with three servers serving a total of eight queues, two with
exogenous arrivals (\) and six with arrivals from other queues (from de Farias & Van Roy (2003)).

where (¢ ) e F is an appropriately designed set of basis functions. This produces a revised
linear programming formulation

miny B Y 0705(s)

seS feF

subject to:

v(s) > C(s,z)+7 Z p(s'|s, ) Z Orpp(s’) forall sand .
s'eS feF

This is still a linear program, but now the decision variables are (0;)¢cr instead of
(v(s))ses. Note that rather than use a stochastic iterative algorithm, we obtain 6 directly
by solving the linear program.

We still have a problem with a huge number of constraints. Since we no longer have
to determine |S| decision variables (in (17.41)-(17.42) the parameter vector (v(s))ses
represents our decision variables), it is not surprising that we do not actually need all the
constraints. One strategy that has been proposed is to simply choose a random sample of
states and decisions. Given a state space S and set of decisions X', we can randomly choose
states and decisions to create a smaller set of constraints.

Some care needs to be exercised when generating this sample. In particular, it is
important to generate states roughly in proportion to the probability that they will actually
be visited. Then, for each state that is generated, we need to randomly sample one or more
decisions. The best strategy for doing this is going to be problem-dependent.

This technique has been applied to the problem of managing a network of queues. Figure
17.14 shows a queueing network with three servers and eight queues. A server can serve
only one queue at a time. For example, server A might be a machine that paints components
one of three colors (say, red, green, and blue). It is best to paint a series of parts red before
switching over to blue. There are customers arriving exogenously (denoted by the arrival
rates A1 and \2). Other customers arrive from other queues (for example, departures from
queue 1 become arrivals to queue 2). The problem is to determine which queue a server
should handle after each service completion.

If we assume that customers arrive according to a Poisson process and that all servers
have negative exponential service times (which means that all processes are memoryless),
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Policy Cost
ADP 33.37

Longest 45.04

FIFO 45.71

Table 17.7  Average cost estimated using simulation (from de Farias & Van Roy (2003)).

then the state of the system is given by
Sy = Ry = (Rui)i1,

where Ry; is the number of customers in queue 7. Let K = {1, 2,3} be our set of servers,
and let a; be the attribute vector of a server given by a; = (k, ¢;), where k is the identity
of the server and ¢; is the queue being served at time ¢. Each server can only serve a subset
of queues (as shown in figure 17.14). Let D = {1, 2, ..., 8} represent a decision to serve a
particular queue, and let D, be the decisions that can be used for a server with attribute a.
Finally, let 2,,4 = 1 if we decide to assign a server with attribute a to serve queue d € D,,.

The state space is effectively infinite (that is, too large to enumerate). But we can still
sample states at random. Research has shown that it is important to sample states roughly in
proportion to the probability they are visited. We do not know the probability a state will be
visited, but it is known that the probability of having a queue with r customers (when there
are Poisson arrivals and negative exponential servers) follows a geometric distribution. For
this reason, it was chosen to sample a state with » = >, R;; customers with probability
(1 —~v)~", where ~ is a discount factor (a value of 0.95 was used).

Further complicating this problem class is that we also have to sample decisions. Let X
be the set of all feasible values of the decision vector x. The number of possible decisions
for each server is equal to the number of queues it serves, so the total number of values for
the vector x is 3 x 2 x 3 = 18. In the experiments for this illustration, only 5,000 states
were sampled (in portion to (1 — v)~"), but all the decisions were sampled for each state,
producing 90,000 constraints.

Once the value function is approximated, it is possible to simulate the policy produced
by this value function approximation. The results were compared against two myopic
policies: serving the longest queue, and first-in, first-out (that is, serve the customer who
had arrived first). The costs produced by each policy are given in table 17.7, showing that
the ADP-based strategy significantly outperforms these other policies.

Considerably more numerical work is needed to test this strategy on more realistic sys-
tems. For example, for systems that do not exhibit Poisson arrivals or negative exponential
service times, it is still possible that sampling states based on geometric distributions may
work quite well. More problematic is the rapid growth in the feasible region A" as the
number of servers, and queues per server, increases.

An alternative to using constraint sampling is an advanced technique known as column
generation. Instead of generating a full linear program which enumerates all decisions
(that is, v(s) for each state), and all constraints (equation (17.42)), it is possible to generate
sequences of larger and larger linear programs, adding rows (constraints) and columns
(decisions) as needed. These techniques are beyond the scope of our presentation, but
readers need to be aware of the range of techniques available for this problem class.
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17.11 FINITE HORIZON APPROXIMATIONS FOR STEADY-STATE
APPLICATIONS

It is easy to assume that if we have a problem with stationary data (that is, all random
information is coming from a distribution that is not changing over time), then we can solve
the problem as an infinite horizon problem, and use the resulting value function to produce
a policy that tells us what to do in any state. If we can, in fact, find the optimal value
function for every state, this is true.

There are many applications of infinite horizon models to answer policy questions. Do
we have enough doctors? What if we increase the buffer space for holding customers in a
queue? What is the impact of lowering transaction costs on the amount of money a mutual
fund holds in cash? What happens if a car rental company changes the rules allowing
rental offices to give customers a better car if they run out of the type of car that a customer
reserved?

These are all dynamic programs controlled by a constraint (the size of a buffer or the
number of doctors), a parameter (the transaction cost), or the rules governing the physics
of the problem (the ability to substitute cars). We may be interested in understanding the
behavior of such a system as these variables are adjusted. For infinite horizon problems
that are too complex to solve exactly, ADP offers a way to approximate these solutions.

Infinite horizon models also have applications in operational settings. Assume that we
have a problem governed by stationary processes. We could solve the steady-state version
of the problem, and use the resulting value function to define a policy that would work
from any starting state. This works if we have, in fact, found at least a close approximation
of the optimal value function for any starting state. However, if you have made it this far
in this book, then that means you are interested in working on problems where the optimal
value function cannot be found for all states. Typically, we are forced to approximate the
value function, and it is always the case that we do the best job of fitting the value function
around states that we visit most of the time.

When we are working in an operational setting, then we start with some known initial
state Sp. From this state, there are a range of “good” decisions, followed by random
information, that will take us to a set of states .57 that is typically heavily influenced by our
starting state. Figure 17.15 illustrates the phenomenon. Assume that our true, steady-state
value function approximation looks like the sine function. At time ¢ = 1, the probability
distribution of the state .S; that we can reach is shown as the shaded area. Assume that
we have chosen to fit a quadratic function of the value function, using observations of S;
that we generate through Monte Carlo sampling. We might obtain the dotted curve labeled
as 71(51), which closely fits the true value function around the states S that we have
observed.

For times ¢ = 2 and ¢ = 3, the distribution of states Sy and S35 that we actually observe
grows wider and wider. As a result, the best fit of a quadratic function spreads as well. So,
even though we have a steady-state problem, the best value function approximation depends
on the initial state Sy and how many time periods into the future that we are projecting.
Such problems are best modeled as finite horizon problems, but only because we are forced
to approximate the problem.
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Figure 17.15  Exact value function (sine curve) and value function approximations for ¢t = 1,2, 3,
which change with the probability distribution of the states that we can reach from Sp.

17.12 BIBLIOGRAPHIC NOTES

Section 17.2 - Approximate value iteration using lookup tables encompasses the family
of algorithms that depend on an approximation of the value of a future state to
estimate the value of being in a state now, which includes -learning and temporal-
difference learning. These methods represent the foundation of approximate dynamic
programming and reinforcement learning.

Section 17.4 - The problems with the use of linear models in the context of approximate
value iteration (TD learning) are well known in the research literature. Good dis-
cussions of these issues are found in Bertsekas & Tsitsiklis (1996), Tsitsiklis & Van
Roy (1997), Baird (1995) and Precup et al. (2001), to name a few.

Section 17.7 - Bradtke & Barto (1996) first introduced least squares temporal differencing,
which is a way of approximating the one-period contribution using a linear model,
and then projecting the infinite horizon performance. Lagoudakis & Parr (2003)
describes the least squares policy iteration algorithm (LSPI) which uses a linear model
to approximate the ()-factors, which is then imbedded in a model-free algorithm.

Section 17.8 - There is a long history of referring to policies as “actors” and value functions
as “critics” (see, for example, Barto et al. (1983), Williams & Baird (1990), Bertsekas
& Tsitsiklis (1996) and Sutton & Barto (2018)). Borkar & Konda (1997) and Konda
& Borkar (1999) analyze actor-critic algorithms as an updating process with two
time-scales, one for the inner iteration to evaluate a policy, and one for the outer
iteration where the policy is updated. Konda & Tsitsiklis (2003) discusses actor-
critic algorithms using linear models to represent both the actor and the critic, using
bootstrapping for the critic. Bhatnagar et al. (2009) suggest several new variations
of actor-critic algorithms, and proves convergence when both the actor and the critic
use bootstrapping.
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Section 17.10 - Schweitzer & Seidmann (1985) describes the use of basis functions in
the context of the linear programming method. The idea is further developed in
de Farias & Van Roy (2003) which also develops performance guarantees. Farias
& Roy (2001) investigates the use of constraint sampling and proves results on the
number of samples that are needed.

EXERCISES

Review questions

17.1 Explain the difference between on-policy and off-policy learning.

17.2 Contrast, using only necessary notation (but you will need some) the essential
differences between ADP using a pre-decision state, a post-decision state, and ()-learning.

17.3 Contrast ADP using a post-decision state versus Q-learning, given that (S, x) is a
form of post-decision state. Are thee equivalent?

17.4 Discuss using @-learning where x is a vector.

17.5 Explain in words the difference between the single-pass and double-pass versions
of forward ADP. Can you give an example of a problem where you would need to use a
backward pass?

17.6  Contrast a backward pass with backward approximate dynamic programming. Are
these equivalent? If not, how are they different?

17.7  Use notation to explain what is meant by the “actor” and the “critic” in the actor-
critic paradigm.

Modeling questions

17.8 The most common strategy for using approximate dynamic programming is to train
value function approximations offline using a simulator. Using the language introduced in
section 9.11, where we classified problems based on a) whether they were state-independent
or state-dependent, and b) whether we were optimizing the final reward or cumulative
reward, training VFAs would fall in the class of state-dependent problems, where we are
maximizing the final reward. In its most compact form, this objective can be written (see,
for example, table 9.3)

imp

max E{C(S, X™ (S10"™P), W)|So}. (17.43)

lrn

In equation (9.43), we expanded the expectations to make the underlying random variables
explicit, which produced the equivalent expression

imp

maxE{C(S, X™ " (S|6""F), W)|S°} =

rlrn
lrn im im - —
EsoEfy1 w050 By soC(S, X™ (S|077),W).  (17.44)

Using the context of the forward ADP algorithms presented in this chapter, answer the
following:
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a) When optimizing over policies (such as the learning policies 7"™), we have to search
over classes of policies f € F'", and any tunable parameters § € ©/ within that
class. Give two examples of “policy classes” and an example of a tunable parameter
for each class.

b) Throughout the book, we have used as our default objective for dynamic programming
the function

T
maxE {Z C(St,X’T(St))|SO} . (17.45)

t=0

This chapter (and we could include the backward ADP methods of chapter 15)
presents different methods for training VFAs, after which we would run simulations
to test the effectiveness by simulating the objective in (17.45). Explain what is meant
by 7/™™ and 7"™P in equation (17.44).

¢) In section 9.11, we identified equation (17.43) as the objective for optimizing final
reward and we showed (in equation (9.44)) that this could be simulated using

n=0

T-1
_n_'imp ﬂ_inlp 1 ﬂ_inzp im -
Max Bso B yymyr )N s <E(Wt)?oSOT Zt_o C(Se, X™ (Se]0 p)7Wt+1)> :
(17.46)

Make the case that when I am designing algorithms to solve the cumulative reward
objective in (17.45) that I am actually solving the final-reward optimization problem
given in (17.46).

Computational exercises

17.9 We are going to revisit exercise 15.4 using forward ADP, which we repeat here. In
this exercise you are going to solve a simple inventory problem using Bellman’s equations,
to obtain an optimal policy. Then, the exercises that follow will have you implement various
backward ADP policies that you can compare against the optimal policy you obtain in this
exercise. You inventory problem will span 7" time periods, with an inventory equation
governed by

Rt+1 = maX{O, Rt — Dt+1} + Xy

Here we are assuming that product ordered at time ¢, x;, arrive at ¢ + 1. Assume that .Dt+1
is described by a discrete uniform distribution between 1 and 20.
Next assume that our contribution function is given by

C(Sy, ;) = 50min{ Ry, Dy 1} — 104

a) Find an optimal policy by solving this dynamic program exactly using classical
backward dynamic programming methods from chapter 14 (specifically equation
(14.3)). Note that your biggest challenge will be computing the one-step transition
matrix. Simulate the optimal policy 1,000 times starting with Ry = 0 and report the
performance.
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b) Now solve the problem using forward ADP using a simple quadratic approximation
for the value function approximation:

Vi (RY) = 010 + 011 RY + 012(RY)*.

where RY is the post-decision resource state which we might represent using
R* = max{0, Ry — E{D;;1}} + 4.

Use 100 forward passes to estimate V;(.S;) using the algorithm in figure 17.3.

¢) Having found Vf (RY), simulate the resulting policy 1,000 times, and compare your
results to your optimal policy.

d) Repeat (b) and (c) but this time use a value function approximation that is only linear
in RY:

Vf(Rf) =00 + thRf.

How does the resulting policy compare the your results from part (c)?

17.10 We are going to revisit exercise 15.2 using forward ADP, which we repeat here.
We are going to solve the continuous budgeting problem presented in section 14.4.2 using
backward approximate dynamic programming. The problem starts with Ry resources
which are then allocated over periods 0 to T'. Let x; be the amount allocated in period ¢
with contribution

Ci(xe) = /.
Assume that 7" = 20 time periods.

a) Use the results of section 14.4.2 to solve this problem optimally. Evaluate your
simulation by simulating your optimal policy 1000 times.

b) Use the forward ADP algorithm described in figure 17.3 to obtain the value function
approximations using

Vi(Re) = b0 + Op1/4.

Use 100 forward passes to estimate V;(R;). Use linear regression (either the methods
in section 3.7.1, or a package) to fit V;(R;). Then, simulate this policy 1000 times
(ideally using the same sample paths as you used for part (a)). How do you think 6
and 6,7 should behave?

¢) Use the forward ADP algorithm described in figure 15.5 to obtain the value function
approximations using

Vi(Ry) = 0y + 01 RY + 012(RY)?,
where Ry is the post-decision resource state RY = R; — x; (which is the same as

R, since transitions are deterministic).

Use linear regression (either the methods in section 3.7.1, or a package) to fit V;(Ry).
Then, simulate this policy 1000 times (ideally using the same sample paths as you
used for part (a)).
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17.11 Repeat exercise , but this time use
C(z¢) = In(ay).

For part (b), use

Vt(Rt) == '9t0 + 9t1 IH(SCt).

Theory questions

17.12  Prove that the newsvendor objective function
F(z) = E {pmin{zx, W} — cz}

is concave in z as long as p > c.

Problem solving questions

17.13 We are going to try again to solve our asset selling problem, We assume we are
holding a real asset and we are responding to a series of offers. Let p, be the t** offer, which
is uniformly distributed between 500 and 600 (all prices are in thousands of dollars). We
also assume that each offer is independent of all prior offers. You are willing to consider
up to 10 offers, and your goal is to get the highest possible price. If you have not accepted
the first nine offers, you must accept the 10" offer.

(a) Write out the decision function you would use in a dynamic programming algorithm
in terms of a Monte Carlo sample of the latest price and a current estimate of the
value function.

(b) Write out the updating equations (for the value function) you would use after solving
the decision problem for the t*" offer.

(c) Implement an approximate dynamic programming algorithm using synchronous state
sampling. Using 1000 iterations, write out your estimates of the value of being in
each state immediately after each offer. For this exercise, you will need to discretize
prices for the purpose of approximating the value function. Discretize the value
function in units of 5 dollars.

(d) From your value functions, infer a decision rule of the form “sell if the price is greater
than p;.”

17.14 We wish to use ()-learning to solve the problem of deciding whether to continue
playing a game where you win $1 if you flip a coin and see heads, and lose $1 if you see
tails. Using a stepsize v = Hin, implement the (-learning algorithm in equations (11.18)
and (11.19). Initialize your estimates Q(s,a) = 0, and run 1000 of the algorithm using
0 =1, 10, 100 and 1000. Plot Q™ for each of the three values of 6, and discuss the choice

you would make if your budget was N = 50, 100 or 1000.
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Sequential decision analytics and modeling

These exercises are drawn from the online book Sequential Decision Analytics and Model-
ing available at http://tinyurl.com/sdaexamplesprint.

17.15 Review chapter 5, sections 5.1 - 5.6, on stochastic shortest path problems. We are
going to focus on the extension in section 5.6, where costs ¢;; are random, and a traveler
gets to see the costs ¢;; out of node 7 when the traveler arrives at node 4, and before she has
to make a decision which link to move over. Software for this problem is available at http:
//tinyurl.com/sdagithub - download the module “StochasticShortestPath_Dynamic.”

a) Write out the pre- and post-decision state variables for this problem.

b) Given a value function approximation V; " (S%) around the post-decision state S%,

describe the steps for updating V; " (S¥) to obtain V" (S%).

¢) Using the Python module, compare the performance using the following stepsize

formulas:
i) a, = 0.10.
i) o, = L.
step .
i) o, = 9;1(?1)7_,'_”_1 with @ster = 10.

Run the algorithm for 10, 20, 50 and 100 training iterations, and then simulate the
resulting policy. Report the performance of the policy resulting from each stepsize
formula, given the number of training iterations.

17.16 Review chapter 13, sections 13.1 - 13.4, on the blood management problem.
Software for this problem is available at http://tinyurl.com/sdagithub - download
the module “BloodManagement.”

a) Write out the pre- and post-decision state variables for this problem.

b) Given a value function approximation V; " (S%) around the post-decision state S%,
describe the steps for updating V; " (S¥) to obtain Vf’nﬂ (S7). Note that V" (S%)

is piecewise linear and separable.

¢) Using the Python module, compare the performance using the following stepsize

formulas:
i) a, = 0.10.
i) o =+
i) 0 = gertpre—y with 0% = 10.

Run the algorithm for 10, 20, 50 and 100 training iterations, and then simulate the
resulting policy. Report the performance of the policy resulting from each stepsize
formula, given the number of training iterations.
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Diary problem

The diary problem is a single problem you chose (see chapter 1 for guidelines). An-
swer the following for your diary problem.

17.17  For your diary problem, compare the pure forward pass algorithm in figure 17.3 to
the two-pass algorithm in figure 17.4 in terms of both computational complexity and likely
performance.
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